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1 Introduction
Cancer of the large bowel (also known as colorectal cancer, CRC) is a term used to include cancer-
ous growths in the colon, rectum and appendix. Overall, in the developed world, colorectal cancer
is the second most common form of cancer in women and the third most common cancer in men1.
Its impact is considerable: 639,000 deaths worldwide in 2004. In the USA, it is estimated that
there will be over 145,000 new cases of colorectal cancer in 2009 and over 30% of these patients
will die from their disease2. Around 100 new cases of colorectal cancer are diagnosed each day in
the UK, in 2006 there were 37,514 new cases of large bowel cancer registered: around two-thirds
(23,384) in the colon and one-third (14,130) in the rectum3.

Generally, the diagnosis of localised colon cancer is through colonoscopy and biopsy. Treat-
ment is based on surgery with chemotherapy and radiotherapy often used as supplementary (ad-
juvant) therapies. Radiation therapy (also called radiotherapy, X-ray therapy, or irradiation) is the
use of a certain type of energy (called ionising radiation) to kill cancer cells and shrink tumours.
Radiation (Figure 1) injures or destroys cells in the area being treated (the target tissue) by damag-
ing their genetic material, making it impossible for these cells to continue to grow and divide. In
addition, radiotherapy affects gene expression, both directly and indirectly, and can in a non-trivial
way be characterised as a form of targeted gene therapy. The goal of radiation therapy is to damage
as many cancer cells as possible, while limiting harm to nearby healthy tissue (Figure 1). Radio-
therapy has, for anatomical reasons, little role to play at present in the management of tumours of
the colon but is an important component of the multidisciplinary approach to treating rectal cancer.
Radiation therapy for bowel cancer is able to treat the primary tumour, or the tumour bed after
surgery, and the adjacent (regional) lymph nodes. It is not a systemic treatment and will not deal
with any cancer cells which may have circulated to, and implanted in, distant organs such as the
liver or lung. Chemotherapy, in contrast, is a systemic treatment and, potentially at least, will kill
cancer cells wherever they are. The combination of radiotherapy and chemotherapy is logical for
a number of reasons: as implied above, there is spatial co-operation in terms of locus of action;
additionally there may be true synergy - in cells exposed to both drugs and radiation, cell-killing
may be greater than might be expected from simple additive effects.

Non-surgical treatments for colorectal cancer can be defined according to timing in relation to
surgery and according to intent of treatment.

• Neoadjuvant - treatment given before surgery in patients with locally advanced rectal tu-
mours in order to decrease the risk of recurrence following surgery or to permit less ag-
gressive surgical approaches (such as a low anterior resection rather than abdomino-perineal
resection).

• Adjuvant - treatment given after surgery to high-risk patients in order to lower the risks
of recurrence or spread. Risk is usually defined using clinico-pathological factors, such as

1http://www.who.int/mediacentre/factsheets/fs297/en/index.html
2http://seer.cancer.gov/statfacts/html/colorect.html
3http://info.cancerresearchuk.org/cancerstats/types/bowel/incidence/?a=5441

2



Figure 1: Radiotherapy to the pelvis involves tissue exposure to four overlapping beams. The volume of
tissue exposed to the maximum radiation dose is about 15cm×15cm×12cm. Note that gut cross-section and
beams are not illustrated according to their real relative scales.

extent of local tumour invasion number of lymph nodes involved with tumour, histological
grade of tumour, presence or absence of vascular invasion etc.

• Palliative - to decrease the tumour burden in order to relieve or prevent symptoms.

One critical side-effect of cancer therapy with drugs and/or radiation is the damage caused to
the structure and functional integrity of the gastrointestinal epithelium, and the extent of the dam-
age depends upon a number of identifiable variables. Such damage is dose-limiting and limitations
on dose may compromise the effectiveness of treatment. All therapeutic schedules represent a
pragmatic compromise between damage to tumour and damage to normal tissues. There have been
extensive studies on the kinetics of damage and repair of the gastrointestinal epithelium following
a variety of insults. Radiotherapy protocols are generally devised according to the tolerance of
normal tissues directly exposed to the beam. Recent experimental evidence suggest however, that
cells outside the exposure field are subject to radiation-induced bystander effects, resulting from
cell-cell and cell-matrix interactions [6, 8]. The spatial propagation of bystander effects is particu-
larly relevant at low doses, as under these conditions only a small number of cells suffer a “direct
hit.”

It would be convenient to assume, and many attempts at modelling responses to radiation ther-
apy made such an assumption, that the cells and tissues exposed to a beam of therapeutic radiation
are homogeneous entities. However, this is emphatically not the case. Nor can we assume that
only targeted effects, acting on the DNA of cells that are directly irradiated, are the only factors
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governing the response of a biological tissue to radiation. Any comprehensive model of the bio-
logical effects of therapeutic radiation has to consider both cellular heterogeneity and the effects
on cells that have not been directly irradiated.

Normal cells of the large bowel. The large bowel is a tubular structure some 150 cm long. The
terminal portion, the rectum, is about 15 cm long and the remainder, the colon, is about 135 cm
long. The main function of the colon is to absorb water from the liquid contents that reach it from
the small bowel and produce a semi-solid stool that is then stored in the rectum prior to defaecation.
The structure of the large bowel reflects its function: in order to absorb water it needs to have a
large internal surface area in relation to its length. It needs to be able to renew its lining and needs
to produce mucus in order to smooth the onward passage of its contents. Its wall needs to be both
distensible and contractile. It has both a blood supply and a nerve supply and is surrounded by
connective tissue. There are three main types of cell that line the large bowel - epithelial cells,
goblet cells (which produce mucus) and Paneth cells (whose function is undetermined). The vast
majority of cells are epithelial cells which are formed in the base of crypts in the bowel wall
and which then migrate up the length of the crypt to be shed into the bowel lumen about four to
five days after their production. Epithelial cell husbandry in the large bowel has been extensively
studied and we know a great deal about the kinetics and traffic of these cells.

Figure 2: Possible responses to radiotherapy.
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Cells within a large bowel cancer. The majority of the cells within a measurable bowel tumour are,
to some extent or another malignant: they have escaped beyond the control of normal epithelial
husbandry and have acquired the behavioural features of malignancy - proliferation that does not
require signals to initiate the process and which continues despite signals to desist, ability to invade
locally and to spread distantly, the ability to co-opt adjacent normal tissues into helping them form
blood vessels (angiogenesis).These cells are also resistant to apoptosis (programmed cell death).
Not all the malignant cells within a tumour are necessarily identical either in terms of behaviour or
in terms of their genotype. Their response to damage or injury will consequently vary. Tumours
also contain normal tissues, blood vessels and connective tissues and these will also vary in their
responses to insult.

In summary, when a large bowel cancer is irradiated there will be damage to tumour cells
and damage to normal tissues. There will be gross heterogeneity in response at the cellular level
both within the tumour cells and within the normal cells. Simple models based on uniformity of
response do not adequately describe what is going on. Figure 2 is a schematic diagram of what
the overall effect of a cytotoxic treatment, delivered over a period of time, might be. Although
the aim of successful cancer treatment is to exploit differentials in cellular behaviour so that, over
time, there is selective depletion of malignant cells and selective maintenance of normal cells this
is often not what actually happens. Treatment might be too toxic, the tumour is eradicated - but
so is the patient; or it may be too gentle – no harm is done to the normal tissues, but the tumour
is able to progress inexorably. One of the aims of accurate mathematical modelling of the biology
of responses to cancer treatment is to suggest how treatments might be optimally scheduled, either
alone or in combination, so as to maximise the damage to tumours and minimise the damage
to normal tissues. Empiricism has, to date, largely governed the schedules that are used. This
experience can usefully inform the models we might devise but the models should enable us to
move more rapidly. Testing schedules without having to treat patients has huge advantages both
ethically and in hastening progress.

State-of-the-art in modeling radiation effects
The mathematical model most widely used to study the effects of radiation on living organisms is
the linear-quadratic (LQ) model of cell killing:

S(R(t)) = e−φ1RT−φ2G(R(t))R2
T ,

with S the survival probability, RT the total dose, and R the radiation dose rate within the interval
[0, tT ]. The parameter φ1 accounts for cell death caused by single double-hits (e.g., lethal point
mutations or double-strand breaks), whereas φ2 represents cell death resulting from two single-hits
(e.g., two single-strand breaks giving rise to a lethal double-strand break) [4, 11]. Finally, G is the
so-called generalised Lea-Catcheside dose-protraction factor:

G = 2

∫ tT

0

R(t)

RT

dt
∫ t

0

R(u)

RT

eη(u−t)du,
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where tT is the total duration of the treatment. It accounts for the possibility that single-hit lesions
occuring at time u, which are subject to first order repair at rate η, might interact with single-hit
lesions induced at time t and give rise to a lethal double hit. For treatments consisting of a single
dose administered acutely, the Lea-Catcheside dose-protraction factor has value one and the LQ
model reduces to:

S(RT ) = e−(φ1RT +φ2R2
T ). (1)

The mechanistic foundation of the LQ model is quite limited since it only accounts for lethal
DNA-damage-mediated radiation effects. In reality, however, indirect, bystander effects also can a
substantial impact within and outside the radiation exposure field [7, 8]. Radiation-induced indirect
effects can be high or low linear energy transfer and the un-hit cells demonstrating effects may or
may not be in direct contact with each other. Many different end points have been described in un-
hit (bystander) cells. These include reduced clonogenicity, increased point mutations, increased
apoptosis, increased micronuclei, and delayed effects characteristic of radiation induced genomic
instability.

Besides the LQ model, a few more sophisticated models can be found in the literature. Ender-
ling et al. [1], for instance, formulated a continuum, spatial model for tumour growth and invasion,
using partial differential equations (PDEs). It comprises three state variables: tumour cells, extra-
cellular matrix, and matrix-degrading enzymes. The authors exploit their model to investigate the
system’s behaviour after the tumour has been removed by surgery and a large single dose of radia-
tion has been delivered to the tumour bed. The impact of irradiation on normal and tumour tissue is
characterised using the LQ model (Eqn.(1)). Most research groups, however, opted for stochastic
approaches for modeling radiotherapy. Wheldon & Barrett [17], for instance, used mathematical
modeling techniques to compare 27 radiation schedules for leukaemia. For a schedule consisting
of nf fractions of doseRf and overall treatment time tT , the survival probability of leukaemic cells
is calculated as: S = e−(φ1Rf+φ2R2

f )nf+0.693tT /t2 , where the LQ coefficients, φ1 and φ2, and the tu-
mour doubling time, t2, are regarded as random variables. Turner et al. [16], in contrast, explored
the impact of the tumour stem cell hypothesis on radiotherapy outcome. Kim et al. [5] developed
a Markov decision process (MDP) model to optimise radiation fractionation schemes, while Engel
& Gauer [2] explored different breast treatment regimes using Monte Carlo simulations.

Formulation of the model
The aim of the model proposed here is to characterise the behaviour of a fixed volume of tissue ex-
posed to a maximum radiation dose. The ultimate goal is to provide a tool to predict the outcome
of cancer radiotherapy and, in particular, to compare the performance of alternative scheduling
regimes. As illustrated in Figure 1, maximum exposure occurs when all four beams overlap. The
affected region is approximately three litres of tissue, which is considerably greater volume than
that of cells or any intestinal structures. We therefore neglect spatial variation in the system and
model the time-dependence of bulk quantities representing the key tissue components. Within our
in silico tissue, we distinguish between four cell types (Figure 3): (i) normal epithelial cells (i.e.,
stem, transit and differentiated cells), N ; (ii) tumour cells, T ; (iii) damaged cells (i.e., cells irre-
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versibly damaged by radiation, D; and (iv) connective tissue and blood vessels, V . For simplicity,
we do not monitor the number of dead cells nor the presence of empty spaces in the system. Fur-
thermore, we assume that the change in the number of normal epithelial cells can be described
by:

Rate of change in cell population = (1− packing term)× growth rate (2)
− spontaneous death rate− bystander hit rate,

The tumour cell population follows analogous dynamics. The terms in the expression above are
characterised based on the following assumptions:

• the growth rate is proportional to the existing number of cells in the population and to the
number of existing number of vascular cells;

• the packing term is proportional to the weighted sum of all cell populations;

• the spontaneous death rate is an increasing function of the number of cells in the population,
and a decreasing function of V (i.e., greater death occurs if less vasculature is present);

• the bystander hit rate, which accounts for cells that either die or become damaged as the
result of signals from damaged cells, is proportional to the number of cells in the population
and to the existing number of damaged cells, but decreases with increasing V (i.e., greater
damage occurs if less vasculature is present).

When a cell is exposed to bystander signals produced by damaged cells, it might remain unaffected,
be killed or become irreversible damaged. In the model, we assume that of those cells that are
affected, a fixed fraction dies whereas the remainder becomes damaged. Hence, the dynamics of
the pool of damaged cells is given by:

Rate of change in D = bystander damage rate of normal cells
+ bystander damage rate of tumour cells − normal death rate,

where the production rates are proportional to the bystander hit rates (Eqn.(2)) for normal and
tumour cells, respectively.

The timescale for recovery and tissue renewal after radiation is of order of a few weeks, whilst
that of tumour growth and development can be many years. The processes governing recovery
are much more rapid, probably more akin to that of wound healing rather than the mechanisms
underlying tumour growth. As we are concerned more with the short-term responses of radiation
treatment our modelling is aimed at describing the refilling of the void resulting from cell-death
during radiotherapy. The longer term processes of tumour development are therefore neglected.
Based on the assumptions above, the changes in the four cell populations is given by the set of
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ODEs:

dN
dt

= σNNV

(
1− N + kN1T + kN2V + kN3D

kN

)
− δNN

1 + (V/λN1)m
− δNDND

1 + V/λN2

, (3)

dT
dt

= σTTV

(
1− T + kT1N + kT2V + kT3D

kT

)
− δTT

1 + (V/λT1)m
− δTDTD

1 + V/λT2

, (4)

dD
dt

= µN
δNDND

1 + V/λN2

+ µT
δTDTD

1 + V/λT2

− δDD

1 + (V/λD)mD
, (5)

dV
dt

= (σV + σV DD)V

(
1− V

kV + kV 1N + kV 2T + kV 3D

)
− δV V

1 + (V/λV )m
, (6)

with initial conditions N(0) = Ni, T (0) = Ti, D(0) = 0 and V (0) = Vi. These ODEs describe a
mixture of interactions including competition (e.g., between N and T ) and predator-prey (i.e., D
onN and T ). As with such models we would expect a number of physically plausible steady-states,
amongst them being a healthy state (N, T,D, V ) = (N∗, 0, 0, V ∗) and a tumourous coexistence
state (N, T,D, V ) = (N∗, T ∗, 0, V ∗); the latter being relevant as a starting point of radiotherapy
simulations. The existence and stability of these steady-states will be discussed in more detail in a
later section.

Figure 3: Schematic of the model. Blue lines = Events triggered by radiation; Green lines = Events en-
hanced by radiation; Dotted lines = Positive impacts; and Broken lines = Negative feedback loops.
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Non-dimensionalisation of the model
The model can be re-scaled as follows:

t̂ = t/t0, N̂ = N/N0, T̂ = T/T0, D̂ = D/D0, and V̂ = V/V0,

with scaling factors

t0 = (σNV0)
−1, N0 = kN , T0 = kT , D0 = (δNDt0)

−1, and V0 = kV .

In terms of the new, non-dimensional variables, Eqns.(3)–(6) yield:

dN̂
dt̂

= N̂ V̂ (1− (N̂ + k̂N1T̂ + k̂N2V̂ + k̂N3D̂))− δ̂NN̂

1 + (V̂ /λ̂N1)m
− N̂D̂

1 + V̂ /λ̂N2

, (7)

dT̂
dt̂

= σ̂T T̂ V̂ (1− (T̂ + k̂T1N̂ + k̂T2V̂ + k̂T3D̂))− δ̂T T̂

1 + (V̂ /λ̂T1)m
− δ̂TDT̂ D̂

1 + V̂ /λ̂T2

, (8)

dD̂
dt̂

= µNρN
N̂D̂

1 + V̂ /λ̂N2

+ µTρT
δ̂TDT̂ D̂

1 + V̂ /λ̂T2

− δ̂DD̂

1 + (V̂ /λ̂D)mD

, (9)

dV̂
dt̂

= (σV + σV DD̂)V̂

(
1− V̂

1 + k̂V 1N̂ + k̂V 2T̂ + k̂V 3D̂

)
− δ̂V V̂

1 + (V̂ /λ̂V )m
, (10)

with non-dimensional parameters:

ρN = N0/D0,
ρT = T0/D0,

δ̂i = t0δi, for i = N , T , D and V ,
δ̂TD = δTD/δND,
k̂N1 = kN1T0/kN ,
k̂N2 = kN2V0/kN ,
k̂T1 = kT1N0/kT ,
k̂T2 = kT2V0/kT ,
k̂V 1 = kV 1/kV ,
k̂V 2 = kV 2/kV ,
λ̂ij = λij/V0,
λ̂D = λD/V0,
σ̂T = σT/σN .

Incorporating radiotherapy
During a radiotherapy schedule, the tissue is exposed to a series of discrete radiation dose fractions.
Hence, during our model simulations, at time ti, for i = 1, . . . , n, the ODE solver is re-started with
initial conditions:
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N̂i = αNN̂(ti), T̂i = αT T̂ (ti), V̂ = αV V̂ (ti), and
D̂i = αDD̂(ti) + βN(1− αN)N̂(ti) + βT (1− αT )T̂ (ti) + βV (1− αV )V̂ (ti).

The coefficient α? represent the fraction of cells type ? that remains unchanged by radiation. From
those cells that are affected by radiation, a fixed fraction 1 − β? die while the remainder become
irreversibly damaged. The short-term response to a discrete treatment can be determined from data
on radiation-mediated cell death by using, for instance, the linear quadratic relationship (Eqn.(1)):
α? = e−(φ?1R+φ?2R2), for ? = N and T . The value of αD is assumed to remain constant and the
value for αV is calculated as αV = 1− (1− αN)τ , with τ a constant. The quantification of long-
term effects requires the monitoring of the system (Eqns.(7)–(10)) as a whole to account for the
occurrence of bystander effects.

From the next section onwards we will drop the use of the “hats” in our notation.

Steady-state analysis
The system (7)–(10) in its general form is somewhat unwieldy to analyse and in order to make
progress we will focus on simplified cases that will provide some insight in to the structure of
long-time solutions of the full model. Furthermore, it will indicate appropriate parameter regimes
relevant to the problem concerned. In the absence of treatment, there are no bystander cells, so
we will assume D ≡ 0. We also expect that under healthy development or during tumour de-
velopment, the underlying connective tissue will be (mostly) intact and well vascularised and we
further assume that the starvation death rate is negligible, i.e. δXX/(1 + (X/λX1)

m) ∼ 0 for
X ∈ {N, T, V }. The system (7)–(10) reduces to

dN
dt

= NV (1− (N + kN1T + kN2V )), (11)

dT
dt

= σTV TV (1− (T + kT1N + kT2V )), (12)

dV
dt

= σV V

(
1− V

1 + kV 1N + kV 2T

)
, (13)

which describes the evolution of the normal-tumour-connective tissue interaction without treat-
ment. As a conjecture (thereby avoiding the inclusion of a proof), we can apply phase–plane ideas
to show that the solution trajectories (N(t), T (t), V (t)) will be bounded, such that the solutions
will always be positive given positive initial conditions.

To ascertain suitable parameter regimes for the model, we will investigate the existence of
physically relevant and stable steady-state solutions of (11)–(13) for the healthy case (T ≡ 0) and
the tumour case (T > 0).

Healthy case. For the case T ≡ 0 the steady-states (N, V ) = (N∗h , V
∗
h ) are

(N∗h , V
∗
h ) = (0, 1), (N †, 0) and

(
1− kN2

1 + kV 1kN2

,
1 + kV 1

1 + kV 1kN2

)
,
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whereN † is any number; though we will ignore this steady-state in the discussion (as starva-
tion will be non-negligible in this case). The third steady-state represents the healthy tissue
situation, from which physical relevance (i.e., all values positive) requires

kN2 < 1. (14)

Furthermore, linear stability analysis reveals that this is a sufficient condition for the coexis-
tent state to be stable, i.e., the condition required for the model to produce a healthy tissue
state.

Tumour case. The steady-states (N, T, V ) = (N∗t , T
∗
t , V

∗
t ) are

(N∗t , T
∗
t , V

∗
t ) = (0, 0, 1), (N ‡, T ‡, 0),(

1− kN2

1 + kV 1kN2

, 0,
1 + kV 1

1 + kV 1kN2

)
,

(
0,

1− kT2

1 + kV 1kT2

,
1 + kV 1

1 + kV 1kT2

)
and

1

Ψ
(ΩN ,ΩT ,ΩV ) ,

where N ‡ and T ‡ are any numbers (though we will ignore the second steady-state) and the
constants of the unique coexistent state are

ΩN = 1− kN1(1− kT2)− kN2(1 + kV 2) + kV 2kT2,

ΩT = 1− kT1(1− kN2)− kT2(1 + kV 1) + kV 1kN2,

Ψ = 1− kT1kN1 + kV 1(kN2 − kT2kN1) + kV 2(kT2 − kT1kN2),

ΩV = Ψ + kV 1ΩN + kV 2ΩT .

The first steady-state is the biologically irrelevant case in which there is only connective
tissue; this steady-state is linearly unstable if

kN2 < 1, kT2 < 1. (15)

This condition further ensures that the third and fourth steady-states are biologically relevant.
However, of most interest in the context of the study, is the existence of a biologically rele-
vant coexistence state, in which there are normal and tumour tissue present. This is predicted
by the model if the third and fourth steady-states are unstable, which require

ΩN > 0, ΩT > 0. (16)

Given these conditions, positivity of the coexistent state components requires also

Ψ > 0. (17)

With further work, it is likely that the coexistent state can be shown to be linearly stable, but
the analysis is rather horrendous and left for a later time.

In summary, for the simplified model (11)–(13), the five conditions (15)–(17) on the parameters
will ensure a biologically relevant coexistent state exists. For large enough m and if V ∗t > λX1

for X ∈ {N, T, V }, then these conditions should provide a good guide on the establishment of a
suitable choice of parameters for the full model.
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Results and simulations
The parameter values used for the model simulations are provided in Table 1. One dimensionless
time unit corresponds approximately to one day.

Healthy case
To simulate a healthy scenario (absence of tumour), we consider the equation for the tumour cells
to have zero initial condition, i.e., T (0) = 0. Since no radiotherapy is applied, the initial condition
for the damaged cells is also zero (i.e., D(0) = 0). The system settles to a steady state where
normal cells and connective tissue and vessels coexist N?

h = 0.81745, V ?
h = 1.81745, D?

h = 0, and
T ?h = 0, as can be seen in Figure 4.

Figure 4: Healthy case (ab-
sence of tumour): normal
cells (Left) and connective
tissue and vessels (Right).
Simulations performed with
the non-dimensional system
(7)–(10).

Untreated case
We now consider a situation in which a tumour is present but remains untreated. Hence, we
simulate the healthy case but with a non-zero initial condition for the tumour cell population,
i.e., T (0) = 0.01. Since no radiotherapy is applied, D(0) = 0 holds. The system settles to
a new steady state where normal cells, connective tissue and vessels and tumour cells coexist
(N?

nt = 0.32411, V ?
nt = 1.663, and T ?nt = 0.33889) as shown in Figure 1.

Figure 5: Untreated case. The evolution of normal cells (Left), connective tissue
and vessels (Middle) and tumour cells (Right) after the appearance of a tumour in
the healthy case (Fig.4). Simulations performed with the non-dimensional system
(7)–(10).
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Treatment regime I
Here we model a treatment schedule consisting of a single fraction dose, equal to 12 Gy, applied
in one day (that is, Rf = 12 Gy, nf = 1 fraction, tT = 1 day, and RT = 12 Gy). The effect of this
regime on the four populations of cells can be seen in Figure 6. The logarithmic scale of the effect
of the given dose on normal and tumour cells can be seen in Figure 7.

Figure 6: Effect of treat-
ment regime I (tT = 1 day,
nf = 1 fraction, and RT =
12 Gy) on normal cells (Top–
Left), connective tissue and
vessels (Top–Right), tumour
cells (Bottom–Left) and dam-
aged cells (Bottom–Right).
Simulations performed with
the non-dimensional system
(7)–(10).

Figure 7: Effect of treatment
regime I on normal cells (Left)
and tumour cells (Right) in loga-
rithmic scale.
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Treatment regime II
Here we predict the system’s response to a treatment schedule involving five fractions of dose
5 Gy administered over five consecutive days. The results are shown in Figure 8. The logarithmic
scale of the effect of the given dose on normal and tumour cells in logarithmic scale is depicted in
Figure 9.

Figure 8: Effect of regime II
(tT = 5 days, nf = 5 frac-
tions, Rf = 5 Gy, and RT
= 25 Gy) on normal cells
(Top–Left), connective tissue
and vessels (Top–Right), tu-
mour cells (Bottom–Left) and
damaged cells (Bottom–Right).
Simulations performed with
the non-dimensional system
(7)–(10).

Figure 9: Impact of treatment
regime II on normal cells (Left)
and tumour cells (Right) in loga-
rithmic scale.
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Treatment regime III
We now simulate an option for treatment consisting of 25 fractions of dose 1.8 Gy applied in
25 consecutive days. The effect of this regime on the four populations of cells can be seen in
Figure 10. The logarithmic scale of the effect of the given dose on the normal cells and tumour
cells is provided in Figure 11.

Figure 10: Effect of regime III
(tT = 25 days, nf = 25 frac-
tions, Rf = 1.8 Gy, and RT
= 45 Gy) on normal cells
(Top–Left), connective tissue
and vessels (Top–Right), tu-
mour cells (Bottom–Left) and
damaged cells (Bottom–Right).
Simulations performed with
the non-dimensional system
(7)–(10).

Figure 11: Effect of treatment
regime III on normal (Left) and
tumour (Right) cells in logarith-
mic scale.
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Treatment regime IV
Finally, we consider a treatment schedule similar to regime III, but taking into account the lack
of treatment during the weekends. It involves twenty five fractions of doses 1.8 Gy administered
at twenty five out of thirty five days. The effect of this treatment schedule on the different cell
populations can be seen in Figure 12. The logarithmic scale of the effect of the given dose on the
normal cells and tumour cells is shown in Figure 13.

Figure 12: Effect of treatment
schedule IV (tT = 35 days,
nf = 25 fractions, Rf = 1.8 Gy,
and RT = 45 Gy) on normal
cells (Top–Left), connective
tissue and vessels (Top–Right),
tumour cells (Bottom–Left) and
damaged cells (Bottom–Right).
Simulations performed with
the non-dimensional system
(7)–(10).

Figure 13: Impact of treatment
regime IV on normal (Left) and
tumour (Right) cells in logarith-
mic scale.

Conclusions
The majority of mathematical studies on the effects of radiation on living systems have used a
straightforward LQ model of cell killing. This represents a pragmatic, but over-simplified, ap-
proach with no robust mechanistic foundation. Radiation biologists have thus failed to exploit
fully the richness of modern mathematical techniques and we believe that we have identified an
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area, of direct clinical importance, that is ripe for exploitation. Here we present a novel mathemati-
cal model that quantifies the direct and indirect effects of radiotherapy to the pelvis on both normal
and cancerous tissue. As far as we are aware, this is first time that ordinary differential equations
have been used for this purpose.

Discussion of model results. We have used our model to compare four realistic treatment sce-
narios: (a) the tumour is left untreated; (b) single dose of radiation administered acutely (regime I);
(c) five fractions of 5 Gy in five days (regime II); (d) 25 fractions of 1.8 Gy in 25 consecutive days
(regime III); and (e) same dose and number of fractions as in regime III, but no treatment given
during the weekends (regime IV). Comparing the four different treatment regimes, we notice that
regimes I and II consist of lower total doses and shorter treatment periods (i.e, 12 ≤ RT ≤ 25 and
1 ≤ tT ≤ 5) than regimes III and IV (i.e, RT = 45 and 25 ≤ tT ≤ 35). Notably, despite the
high dose administered, regimes III and IV are more successful in reducing the tumour cell pool
while keeping side effects on normal epithelial cells, connective tissue and vasculature low. This
prediction suggests that spreading the radiation dose over a longer period of time is key for de-
signing safe treatment strategies. Another characteristic of the model is that, following completion
of any of the treatment regimes considered, the system returns to the steady state of the untreated
case after a certain time. In the clinic, however, tumour size generally reduces over two months
from the begining of treatment. This reduction might be due to elimination of differentiated cells
that are not replaced because of a radiation-induced reduction in the number of stem cells or due to
belated death of cells damaged during the treatment. There are at least two possible explanations
for the apparent discrepancy between clinical observations and model predictions. Firstly, tumours
might continue to decrease in size due to long-term bystander effects that have not been included
in the model. Secondly, in the context of our continuum model, every dose fraction causes cell
populations to decrease by a fixed fraction, which implies that the size of the tumour cell popu-
lation can never become zero as the result of radiotherapy. Consequently, when treatment ends,
re-growth takes place. This issue could be solved by incorporating a minimum, threshold value for
the number of cells, below which the population size is set to zero.

Model limitations and future work. In building our ODE model (Figure 3) we have oversim-
plified several aspects of the system (Figure 1). There is thus scope to improve the approach in
several ways, some of which we listed below together with some possible future applications.

• Certain types of cancer stem cells can activate a “repair switch” that protects them against
radiation and enables the tumour to continue growing. In this version of the model we have,
however, ignored radiation resistance.

• We assume that all cell death represented by the linear quadratic relationship is instantaneous
(section ‘Incorporating radiotherapy’) and, in particular, we do not account for the possibility
that a single-hit lesion at time u can combine with a later, second single-hit and give rise to
a lethal double-hit.

• The values of β?, the fraction of cells type ? suffering a direct radiation hit that become
damaged, might well depend on the radiation dose.
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• The approach presented here accounts for bystander effects in normal and tumour tissue, N
and T , but not in connective tissue and vasculature,V .

• The model needs to be parameterised properly with biologically and clinically relevant pa-
rameter values.

• We have ignored bystander radiation effects taking place outside the maximum exposure box
(Figure 1) as well as the consequences of radiation leakage in the proximity of the beams’
fields.

• It would be interesting to look in more detail at the packing – small bowel versus large bowel
within the treated volume, air gaps, and day-to-day change.

Concluding remarks. Our work so far has proceeded more rapidly and more effectively than
we had originally expected. It was reassuring to find that the simulations, over time, reflected
our schematic sense (see Figure 2) of what should be happening. It is important to emphasise
that this conjunction did not arise recursively - the model produced an output consistent with the
theory of selective toxicity but the theory of selective toxicity did not inform the model. We are
well aware that our findings at this point are somewhat crude and oversimplified. However, we
appear to be moving in the right direction and, by expanding upon these beginnings, we have
the potential to produce a repertoire of mathematical models that could prove extremely useful in
determining optimal treatment schedules for clinical radiotherapy. Although our first analysis has
dealt exclusively with the large bowel we could extend the concept, with little additional effort, into
other tumour sites such as breast, head and neck, lung and prostate. After decades of stasis, there
is the real possibility of developing new and effective methods for modelling a treatment modality
that is used to treat around half of all patients with cancer, equivalent to more than 1.5 million
patients in the EU each year.
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Table 1: Parameter values. Steady state in the absence of a tumour (nondimensional):
N?
h = 0.81745, T ?h = 0, D?

h = 0 and V ?
h = 1.81745. Steady state in the absence of

treatment (nondimensional): N?
nt = 0.32411, T ?nt = 0.33889 and V ?

nt = 1.663.

Interpretation and/or notes Value
σT Tumour cells divide approximately once per day 0.5
σV Endothelial cells divide approximately every 30 hours 0.4
σV D 0.6
δN Epithelial death rate under hypoxia 10
δT Tumour death rate under hypoxia, δT ≤ δN 10
δD Damaged cell death rate under hypoxia 2
δV Endothelial death rate under hypoxia 0
δTD Bystander tumour-cell death rate 0.5
kN1 Packing coefficient, kN1 > 1 1.5
kN2 Packing coefficient, kN2 < kN/kV based on healthy case analysis 0.1
kN3 Packing coefficient 1
kT1 Packing coefficient, kT1 < 1 0.5
kT2 Packing coefficient, kT2 < kT /kV 0.3
kT3 Packing coefficient 1
kV 1 Packing coefficient, kV 1 ≈ 1 1
kV 2 Packing coefficient, kV 2 = kV 1 1
kV 3 Packing coefficient 1
λN1 λN1 < V ?

h 0.2
λN2 λN2 > λN1 0.4
λT1 λT1 < λN1 0.1
λT2 λT2 ≈ λN2 0.4
λD 1
λV λV < V ?

h 0.1
µN µN < 1 0.2
µT µT < 1 0.4
m 4
mD 1
ρN 1
ρT 1
φN1 LQ double-hit coefficient for normal cells 0.15
φN2 LQ single-hit coefficient for normal cells 0.05
φT1 LQ double-hit coefficient for tumour cells 0.3
φT2 LQ single-hit coefficient for tumour cells 0.03
αD Fraction of damaged cells surviving a radiation dose 0.5
βN Fraction of hit epithelium that becomes damaged, βN < 1 0.5
βT Fraction of hit tumour that becomes damaged, βT < 1 0.5
βV Fraction of hit vasculature that becomes damaged, βV < 1 0.5
τ 0.5
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