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1 Background and preliminary data

Nanoparticles are defined as structures with at least one dimension smaller than 100nm. Al-
though humans have always come into contact with naturally occurring nanoparticles, the ever
increasing production and use of manufactured nanoparticles in industry, research and medicine,
has led to greater potential for incidental environmental contact, as well as deliberate exposure
through products and therapeutics [1, 2]. However, the potential for cellular entry and toxicity
of manufactured nanoparticles has only recently begun to be investigated. The extent of poten-
tial cellular effects following nanoparticle exposure would depend upon target dosage, cell type,
nanoparticle composition, size, shape and surface chemistry. Thus, model nanoparticles with
well defined characteristics have been serving as a valuable tool in understanding the potential
for intracellular exposure and cellular toxicity [3, 4, 5].

Polystyrene nanoparticles can be generated (e.g. Fluospheres from Invitrogen) within accu-
rate size ranges, of nearly uniform shape, with a variety of surface coatings and fluorescent
labels useful for tracking in biological systems. We have been studying the interactions of flu-
orescent polystyrene beads in a wide variety of mammalian cells lines including human liver
derived cells, canine kidney tubule cells, human cells of pulmonary origin, and cancer cell lines
(Figure 1). In particular, our studies are focusing on the association of particles with cells, the

Figure 1: Nanoparticle trafficking: A549 cells incubated for 5 minutes with 20nm red FluoSpheres
were observed via time-lapse confocal microscopy. Scale bar = 10µm.
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potential for cellular entry, the routes of intracellular trafficking, the sites of ultimate accumula-
tion and the possible mechanisms of cellular damage caused by nanoparticle exposure. Aspects
of this work are serving as a basis for the NERC/MRC funded grant entitled From Airborne
Exposures to BiologicaL Effects (FABLE), upon which the problem presenters are investigators
(2011 – 2014). The rationale for this project stems from the potential for inhaled nanoparticles
to collect in the respiratory tract, in both the fluid phase and in association with the epithelium
[6]. Furthermore, evidence for nanoparticle internalisation into the body [7] and transport with
the systemic circulation exists [8].

Our preliminary studies have focused upon 20nm carboxylate modified fluorescent polystyrene
beads (Fluospheres from Invitrogen). In particular we have observed that the potential for
cellular interaction depends greatly upon the environmental conditions during exposure. In our
studies we have varied concentration of serum present in our culture media and have observed
that in the absence of serum, nanoparticle signal, measured in a fluorescence plate reader, is
increased up to 20-fold, relative to cells incubated in conventional 10% serum containing culture
media (Figure 2). The ability of serum to prevent nanoparticle association with cells was ob-
served in both canine renal epithelial cells (MDCK) and human adenocarcinoma cells (HeLa),
suggesting this finding is neither species, nor cell type specific. Furthermore, this effect was
more pronounced at higher nanoparticle concentrations than at lower, and occurred in serum
concentrations as low as 2%.

Figure 2: Prevention by serum of cellular association of nanoparticles: Cervical carcinoma
cells were incubated with nanoparticles in the presence (media) or absence (SFM) of 10 %

feotal calf serum, and then analysed in a fluorescence plate reader.

Finally, analysis by confocal microscopy (Figure 3) has demonstrated that the presence of serum
greatly reduces the cell surface association of nanoparticles, as well as the potential for inter-
nalisation. Thus, these preliminary results have led us to hypothesise that serum can decrease
the available pool of nanoparticles able to interact with cells, potentially by preventing binding
of nanoparticles to the cell surface. Following cell surface binding, various potential mecha-
nisms for internalisation exist. In particular we are investigating the role of vesicle-mediated
endocytosis of nanoparticles [9], as well as direct penetration of nanoparticles across the plasma
membrane via diffusion and/or permeabilisation. Our preliminary analysis has obtained sig-
nificant evidence that clathrin-mediated endocytosis of nanoparticles occurs, and also suggests
that nanoparticles have the capacity to promote membrane rupture, as a potential alternative
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Figure 3: Analysis of cellular associated nanoparticles by confocal microscopy: Cell surface
binding (arrows) and internalisation (arrow heads) of nanoparticles (green) following

incubation in serum free media. Nucleus in blue.

mode of entry (data not shown).

2 Modelling Aims and Introduction

The aims of the study group meeting were to use mathematical and computational methods
to analyse the differing mechanisms of nanoparticle entry into cells, namely vesicle-mediated
endocytosis and direct penetration across the plasma membrane. We sought to identify if all
mechanisms of nanoparticle entry are of equal importance, or if particular pathways dominate.
In addition, could analysis provide any insight on the role of serum in decreasing nanoparticle
association with cells?

As initial attempt to answer these questions, a variety of methods of analysis were applied
to the problem: in section 3, the known individual mechanisms of nanoparticle entry are dis-
cussed using dimensional arguments; section 4 considers the problem of packing nanoparticles
into vesicles (which is relevant to the endocytic mechanism of entry); in section 5 an ordinary
differential equation (ODE) compartmental model of the various mechanisms is considered; in
section 6 the total number of nanoparticles internalised based on the rate of endocytosis is
estimated; section 7 analyses data on the effects of serum on nanoparticle entry; and finally in
section 8 a forced based model of the cell membrane near a nanoparticle is investigated.
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3 Mechanisms of nanoparticle entry

We first discuss the mechanisms of nanoparticle entry in more detail. The cell is surrounded by
the plasma membrane; a lipid bilayer which contains opposing monolayers, or leaflets, of phos-
pholipids with the hydrophillic head groups facing the extracellular and intracellular solutions,
and the hydrophobic tails facing each other (Figure 4).

Figure 4: Representation of the interface between a nanoparticle and a lipid bilayer:
Figure from [10].

Generally, three routes for nanoparticle entry into cells are thought to exist, each of which must
be analysed independently before a comprehensive model can be formed:

1. ‘Through’ the plasma membrane, including direct diffusion or disruption
Direct transport of nanoparticles can occur across the plasma membrane either by diffusion
or disruption, where the nanoparticle itself acts to permeabilise the membrane. Numerous
variables could affect the ability of a nanoparticle to penetrate the lipid bilayer including
size, charge, hydrophobicity, composition, and shape.

2. Endocytosis: either fluid–phase or receptor–mediated
Endocytosis involves wrapping the lipid bilayer around cargo substances that are being
internalised. Subsequently, a fission reaction occurs which pinches off a vesicle, a small
membrane bound compartment containing the cargo, permitting entry into the cells. Dif-
ferent endocytosis pathways exist and significant data suggests that nanoparticles can
enter cells via this mechanism [5]. Already, the data obtained in this relatively new field
point to differences in potential for cellular uptake and mechanisms of endocytosis depend-
ing on physical parameters (e.g. size) of the nanoparticles. Endocytosis mechanisms can
either be ‘fluid phase’ or ‘receptor mediated’. The fluid–phase mechanism occurs during
the formation of vesicles, where cargo contained in the suspending medium located in the
vicinity of a forming vesicle (but not bound to the vesicle wall) become captured by the
vesicle. When the vesicle is fully formed, the nanoparticles are trapped inside the vesicle
and are consequently endocytosed. Conversely in the receptor–mediated mechanism, the

4



cargo chemically binds to a component of the cell surface, which is in turn internalised
with a vesicle, carrying the cargo into the cell. The receptor can be a cargo-specific mem-
brane protein, or it can simply be any lipid, protein or carbohydrate entity to which cargo
binds and will undergo endocytosis.

3. Ion channel and transporter proteins
Numerous ion channels and transporter proteins reside in the plasma membrane and
function to mediate the translocation of specific substances into or out of the cell. These
aqueous pores can permit rapid flux of molecules across the plasma membrane. However,
the generally high level of selectivity, low open probability and extremely small average
pore size suggest that for all but the smallest nanoparticles this potential pathway can
most likely be disregarded. Henceforth this mechanism will not be discussed further in
this report.

In order to discover if one mechanism of endocytosis (fluid phase or receptor mediated) is more
likely than another, the possible number of nanoparticles that can be contained in a vesicle is
calculated for each case.

3.1 Fluid–phase endocytosis

We consider an average nanoparticle to have a diameter of 20nm, density of 1.05g/ml, and
concentration in solution as 2% which equates to 2g/100ml or 0.02g/ml. Note that the solution
was also diluted as 1 part in 100. To calculate an average possible number of nanoparticles in
a vesicle entering through the fluid–phase mechanism, the number of nanoparticles in solution
is first calculated. The number of nanoparticles per ml is

nfluid phase(/ml) =
6c× 1012

ρ× π × φ3
=

0.12× 1012

1.05× π × (0.02)3
= 4.54× 1015, (1)

where c is nanoparticle concentration in g/ml, ρ is nanoparticle density in g/ml and φ is
nanoparticle diameter in µm. Since only a hundredth of the solution is taken, this leads to
4.54×1013 microspheres per ml. We assume vesicle diameters (VD) of 60, 100 and 150nm, and
in Table 1 calculate the internal vesicle radius (IVR), internal vesicle volume (IVV), and average
number of nanoparticles trapped in a vesicle lumen by multiplying the number of nanoparticles
per ml by IVV. Note that we consider a vesicle to have a clathrin coat of 22nm thickness and
a lipid bilayer of 5nm thickness (shown in Figure 5).

Vesicle Diameter (VD)(nm) 60 100 150

Internal Vesicle Radius (IVR) (nm) 3 23 48

= VD
2 − 22− 5

Internal Vesicle Volume (IVV) (nm3) 113 50965 463247
= 4

3π × IVR3

Average no. of Nanoparticles in Lumen 5.13× 10−6 2.31× 10−3 2.10× 10−3

= IVV
1021
× 4.54× 1013

Table 1: Calculation of vesicle and nanoparticle parameters in fluid–phase endocytosis.

As can be seen from Table 1, the average possible number of nanoparticles in a vesicle due to
the fluid–phase mechanism is very small and would only probably result in approximately 2
nanoparticles per cell for every thousand vesicles. It was therefore decided that the fluid–phase
endocytosis mechanism is an unlikely route of nanoparticle entry into cells.
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Figure 5: Illustration of the clathrin coating and lipid bilayer of a vesicle Figure from [11].

3.2 Receptor–mediated endocytosis

In trying to find the possible number of nanoparticles entering the cell by receptor–mediated
endocytosis, the packing of the nanoparticles on the cell surface was considered. Nanoparticles
are spherical and bind to the curved cell surface. The packing in this situation however, is
quite a difficult problem to solve. Therefore, in order to simplify the problem, the packing
of circles on a flat plane was considered instead. Note however, that this simplification will
result in an overestimation of the number of particles in a vesicle (since a flat surface permits
more particles than a curved surface). The maximum number of particles which can fit into a
vesicle in the receptor–mediated mechanism therefore depends on the ratio of surface areas of
the vesicle (spherical) and nanoparticle (circular), and is given by

nreceptor =
91%× 4πPVR2

πNR2 , (2)

where 91% represents the loss in packing area based on packing circles onto a plane, NR (which
is taken to be equal to 10nm) is the maximum nanoparticle radius (considering packing along
the equators of the nanoparticles), and PVR is the packing vesicle radius (which is obtained
by subtracting NR from the IVR). The calculation of nreceptor for varying vesicle diameters is
given in Table 2, and it can be seen that the number of nanoparticles per vesicle is much larger
than that for fluid–phase endocytosis (calculated in Table 1). Therefore receptor–mediated
endocytosis is considered to be the dominant mechanism of endocytosis entry into cells.

Vesicle Diameter(nm) 60 100 150

Packing Vesicle Radius (PVR) (nm) < 0 13 38

= VD
2 − 22− 5− 10

Max no. of Nanoparticles on inner surface 0 6 52

= 0.91× 4(PVR)2

(NR)2

Table 2: Calculation of vesicle and nanoparticle parameters in receptor–mediated endocytosis.
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4 Packing nanoparticles into vesicles

Since the model of nanoparticle packing into vesicles discussed in the previous section was very
simple, further analysis was undertaken and is now discussed.

4.1 The close packing of equal spherical NP on a spherical surface

We consider the problem of determining the maximum number N of equal spherical particles
of radius r packed on the inner surface of a sphere of radius R. Our solution is based on the
solution of the so-called Fejes problem obtained by Mackay et al. [12]. Recall that the Fejes
problem consists in finding the maximum value δn of the smallest angular distance between any
two of n points movable on the surface of a unit sphere. Table 3 presents the values of δn (in
degrees) corresponding to the number n. Observe that for the same value of δn, there may be
two different successive values of n (for example, n = 5, 6 for δ5 = δ6 = 90◦). Note also [12]
that for a given value of n, there may be several stable configurations with very similar packing
densities but different geometry. For the purposes of solving the problem of the closest packing
of nanoparticles (NP), for a given n, we take the maximum possible value of δn. It is known [12]
that the Fejes problem as formulated above is equivalent to the problem under consideration
of finding the densest packing of N hard spheres of radius r on the inner surface of a sphere
of radius R. For the densest packing, there is the following relation between the geometrical
parameters R, r, and δn:

R = r

(
1 + cosec

δn
2

)
. (3)

Note that Mackay et al. [12] considered the packing problem on the outer surface of a sphere.
That is why formula (3) differs from the corresponding formula in [12]. From Eq. (3), it
immediately follows that

δn = 2 arcsin
r

R− r
(in radians) =

360◦

2π
2 arcsin

r

R− r
(in degrees). (4)

We emphasize that the radii R and r are not determined uniquely, but they are proportional
according to Eq. (3). Now, let the radii R and r be given. In the case R < r, there is no solution
to our problem. In the case R = r, the problem has the trivial solution N = 1. So, in what
follows we assume that R > r. For given R and r, by analogy with formula (4), we compute
the quantity

δ =
360◦

π
arcsin

r

R− r
. (5)

Based on the value of δ provided by formula (5), we need to take the maximum table value δn
closest to δ and afterwards we obtain the corresponding number N . In other words, the solution
to our problem is reduced to the following optimization problem:

min
n

(δn − δ)+, (6)

where (x)+ = (x+ |x|)/2 is the positive part function. It is clear that in view of the peculiarity
of Table 3, the solution of the optimization problem (6) is not unique. For the purposes of
solving our problem of the closest packing of NP, we should take a maximum of two solutions.
Practically, in the range 1 ≤ R/r < 4.3, the solution can be easily obtained from Table 4 for
a given value of the ratio R/r by taking the value of N corresponding to the closest minimal
table value of R/r.
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N δn (degrees) χn
2 180 1.00000
3 120 0.75000
4 109.4712 0.84530
5 90 0.73223
6 90 0.87868
7 77.86954 0.77748
8 74.85849 0.82358
9 70.52878 0.82577

10 66.14682 0.81014
11 63.43495 0.82142
12 63.43495 0.89609
13 57.13670 0.79139
14 55.67057 0.80994
15 53.66 0.80738
16 52.24439 0.81714
17 51.02655 0.82887
18 49.55159 0.82841
19 47.42 0.80187
20 47.41439 0.84388
21 44.95599 0.79772
22 44.40313 0.81554
23 43.69077 0.82580
24 43.69077 0.86174
25 41.39306 0.80668
26 41.03024 0.82446
27 40.67758 0.84167
32 37.37737 0.84362
33 35.42 0.78196
42 31.71747 0.79929
60 26.82127 0.81801
72 24.83976 0.84248
92 21.35652 0.79657

122 18.71254 0.81151
∞ — 0.90690

Table 3: The closest packings on a spherical surface [12].

Finally, an approximate solution to the problem under consideration can be also obtained
based on the notion of the average superficial packing fraction. According to Mackay et al. [12],
the superficial packing fraction χn is defined as the fraction of the surface of the sphere included
within circles of radius δn/2 on its surface, that is

χn =
n

4πR2

2π∫
0

dϕ

δn/2∫
0

R2 sin2 θ dθ

=
n

2

(
1− cos

δn
2

)
. (7)
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R/r N R (nm)

1 1 10
2 2 20

2.1547 3 21.5
2.2247 4 22.2
2.4142 6 24.1
2.5912 7 25.9
2.6453 8 26.5
2.7321 9 27.3
2.8325 10 28.3
2.9021 12 29.0
3.0911 13 30.9
3.1416 14 31.4
3.2156 15 32.2
3.2712 16 32.7
3.3217 17 33.2
3.3862 18 33.9
3.4869 19 34.869
3.4872 20 34.872
3.6156 21 36.2
3.6464 22 36.5
3.6874 24 36.9
3.8295 25 38.3
3.8534 26 38.5
3.8771 27 38.8
4.1208 32 41.2
4.2873 33 42.9

Table 4: Maximum number N of spherical particles of radius r = 10 nm packed on the inner surface
of a sphere of radius R.

From (7), it follows that

n =
2χn

1− cos(δn/2)
. (8)

On the other hand, in view of (3), we have

cos
δn
2

= cos

(
arcsin

r

R− r

)
. (9)

Substituting (9) into (7), after some algebra we obtain

n = 2χn
(R− r)(R− r +

√
R2 − 2Rr)

r2
. (10)

Thus, by analogy with formula (10), we can write

N ≈

[
2χ

(R− r)(R− r +
√
R2 − 2Rr)

r2

]
, (11)

where [x] denotes the integer part of x and χ is the average superficial packing fraction. Based
on the calculations performed by Mackay et al. [12], we get

χ = 0.82. (12)
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In the range 3 ≤ R/r < 7, the accuracy of the approximate formula (11) with the value of χ
being taken according to (12) is about 5%.

4.2 The close packing of equal spherical NP in a sphere

Now, we consider the problem of determining the maximum number N of equal spherical parti-
cles of radius r packed in a sphere of radius R. A solution to this problem can be easily obtained
by rescaling the solution of the model problem of the densest packing of n equal spheres in a
sphere of radius 1. Table 5 contains the dimensionless radii ρn of small spherical particles for
the best known solutions up to n = 72 obtained by Gensane [13]. So, for the closest pack-

n ρn n ρn n ρn n ρn
1 1.0000000 19 0.2953323 37 0.2406866 55 0.2132680
2 0.5000000 20 0.2878907 38 0.2405156 56 0.2126136
3 0.4641016 21 0.2868327 39 0.2367452 57 0.2108661
4 0.4494897 22 0.2793425 40 0.2349992 58 0.2103022
5 0.4142135 23 0.2756707 41 0.2327559 59 0.2096252
6 0.4142135 24 0.2713413 42 0.2321190 60 0.2094269
7 0.3859136 25 0.2711918 43 0.2297330 61 0.2089123
8 0.3780248 26 0.2668513 44 0.2281629 62 0.2058170
9 0.3660254 27 0.2622321 45 0.2269116 63 0.2047140

10 0.3530494 28 0.2603055 46 0.2251681 64 0.2036646
11 0.3445765 29 0.2579255 47 0.2235070 65 0.2027475
12 0.3445765 30 0.2553306 48 0.2224059 66 0.2019158
13 0.3333333 31 0.2531162 49 0.2212751 67 0.2004429
14 0.3235046 32 0.2507874 50 0.2197529 68 0.1997220
15 0.3183048 33 0.2487624 51 0.2178888 69 0.1987922
16 0.3109759 34 0.2470527 52 0.2167665 70 0.1983310
17 0.3056940 35 0.2448337 53 0.2157772 71 0.1969787
18 0.3012965 36 0.2431322 54 0.2146846 72 0.1958001

Table 5: Densest packings of n equal spheres of radius ρn in a sphere of radius 1 [13].

ing of spheres of radius r in a sphere of radius R, there is the following relation between the
geometrical parameters R and r:

r = ρnR.

In the range 1 ≤ R/r < 5.11, the solution to our problem can be obtained from Table 6 for a
given ratio R/r by taking the value of N corresponding to the closest minimal table value of R/r.

Now we make several remarks. First, observe that for the same value ρn = 0.414213, in Table 5,
there are two different values n = 5, 6. (The same situation is also observed for n = 11, 12.)
For the purposes of solving the problem of the densest packing of NP inside of vesicles, when
forming Table 6, for a given ρn, we should take the maximum possible value of n. Second,
the problem of finite sphere packings was very recently considered by Arkus et al. [14], who
developed an analytical method for deriving all packings of n spheres satisfying minimal rigidity
constraints (≥ 3 contacts per sphere and ≥ 3n− 6 total contacts). It is interesting to note that
their 5 and 6 particle packings representing minimal-second-moment clusters have the following
radii of the circumscribing spheres:

R5 =

(
2
√

2

3
+ 1

)
r, R6 = (

√
2 + 1)r.
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R/r N R (nm) R/r N R (nm)

1 1 10 4.157734 38 41.6
2 2 20 4.223950 39 42.2

2.154701 3 21.5 4.255334 40 42.6
2.224745 4 22.2 4.296347 41 43.0
2.414214 6 24.1 4.308135 42 43.1
2.591254 7 25.9 4.352879 43 43.5
2.645329 8 26.5 4.382833 44 43.8
2.732051 9 27.3 4.407003 45 44.1
2.832465 10 28.3 4.441126 46 44.4
2.902113 12 29.0 4.474133 47 44.7
3.000000 13 30.0 4.496284 48 45.0
3.091146 14 30.9 4.519261 49 45.2
3.141643 15 31.4 4.550566 50 45.5
3.215683 16 32.2 4.589497 51 45.9
3.271245 17 32.7 4.613259 52 46.1
3.318990 18 33.2 4.634410 53 46.3
3.386016 19 33.9 4.657996 54 46.6
3.473540 20 34.7 4.688936 55 46.9
3.486353 21 34.9 4.703368 56 47.0
3.579835 22 35.8 4.742346 57 47.4
3.627516 23 36.3 4.755062 58 47.6
3.685395 24 36.85 4.770419 59 47.770
3.687427 25 36.87 4.774936 60 47.775
3.747405 26 37.5 4.786698 61 47.9
3.813416 27 38.1 4.858685 62 48.6
3.841640 28 38.4 4.884864 63 48.8
3.877089 29 38.8 4.910033 64 49.1
3.916491 30 39.2 4.932243 65 49.3
3.950755 31 39.5 4.952559 66 49.5
3.987441 32 39.9 4.988952 67 49.9
4.019900 33 40.2 5.006960 68 50.1
4.047719 34 40.5 5.030378 69 50.3
4.084405 35 40.8 5.042076 70 50.4
4.112989 36 41.1 5.076691 71 50.8
4.154780 37 41.5 5.107250 72 51.1

Table 6: Maximum number N of spherical particles of radius r = 10 nm packed on the inner surface
of a sphere of radius R.

From here, it immediately follows that

r

R5
≈ 0.380,

r

R6
≈ 0.414.

Thus, generally speaking, the solutions of the close packing problem in a sphere do not repre-
sent clusters of spheres satisfying the minimal rigidity conditions or clusters of spheres having
the minimal second moment M2 =

∑n
i=1 |ri − rc|2, where ri is the radius-vector of the particle

position, rc = n−1
∑n

i=1 ri is the centroid.
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Finally, it is well known that the greatest fraction of Euclidean space occupied by equal spheres,
either regularly or irregularly packed, is

χ =
π√
18
≈ 0.74048. (13)

This so-called Kepler conjecture was recently proved by Hales [15]. It was shown that the face-
centered (FCC) lattice and the hexagonally close-packed (HCP) lattice are the only packings
that maximize a local density function. Based on Hales’ theorem, one can obtain the following
upper bound solution to the problem under consideration:

N ≈ χ
(
R

r

)3

. (14)

It should be noted that formula (14) overestimates the number of spheres of radius r that are
packed in a sphere of radius R. The degree of overestimation is difficult to quantify since both
mathematical and biological simplifications have been made in order to determine this equation.
The number of nanoparticles that can be packed into vesicles based on equation (14) are shown
in Table 7 for varying vesicle diameters and with χ = 0.74048 and NR=10nm. Comparing these
values to those in Table 2 (which is based on equation (2)), it can be seen that the estimated
number of nanoparticles is reduced using the refined approximation of equation (14) as expected.

Vesicle Diameter(nm) 60 100 150

Packing Vesicle Radius (PVR) (nm) < 0 13 38

= VD
2 − 22− 5− 10

Max no. of Nanoparticles on inner surface 0 2 41

= χ(PVR
NR )3

Table 7: Calculation of vesicle and nanoparticle parameters in receptor–mediated endocytosis based on
equation (14).
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5 ODE compartmental model

In this section, we aim to model the relative contributions of nanoparticle (NP) uptake into
cells from 3 processes; endocytosis, diffusion through membrane, and diffusion through holes in
the membrane (disruption mediated diffusion). The impact on nanoparticle uptake in serum vs
no serum conditions, and cells at different temperatures will also be considered.

5.1 Model set up

We develop a compartmental model taking into account the quantity of nanoparticles inter-
nalised within the cell, on the membrane, and in a boundary region of the cell. Though not
explicitly modelled, we assume the presence of bulk media outside of the boundary layer. A
graphical representation of the system is shown in Figure 6.

Figure 6: Compartmental model diagram.

The 5 ODE system governing NP uptake is constructed as follows:
(N.B. In general, we assume transfer rates between compartments are proportional to nanopar-
ticle/substrate availability, and do not saturate).

• Nanoparticles may bind to the cell membrane at a rate proportional to the quantity of
NPs in the boundary of the cell (k1). The cell surface can only accommodate a finite
number of nanoparticles, as such, we assume binding saturates (Mmax) . Unbinding of
nanoparticles from the cell membrane is taken to be at a rate proportional to the quantity
of NPs on the membrane (k2).

• Diffusion is assumed to occur at a rate (k5) proportional to the difference between bound-
ary NP concentration and internalised NP concentrations (Fick’s law). Disruption medi-
ated diffusion is also assumed to occur proportional to concentration difference (k6), but
also depends on the quantity of holes in the membrane. For simplicity, we assume this
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rate is also proportional to the quantity of holes.

• As we are only considering nanoparticle concentration near the boundary of the cell, and
not the entire solution, we include a term for the diffusion of NPs from the bulk media to
the local boundary (k3). This is assumed to saturate (BSS).

• We consider endocytosis in two forms, fluid–phase endocytosis, where particles in the
boundary layer can be internalised, and receptor–mediated endocytosis, where particles
bound to the membrane are internalised. Both rates of action are assumed proportional
to NP concentration in boundary layer (k4f ), and membrane (k4r) layer respectively. In
addition, since endocytosis is actively occurring, and involves the removal of lipid from
the membrane, we assume the rate of action is also proportional to the quantity of en-
docytotically active membrane, L. Note that, for simplicity, we have not included vesicle
mediated recycling in the model which could act as a mechanism of NP exit from the cell,
but this is an effect which we could include in the future.

These terms culminate in the equations:-

dB

dt
= −k1B(Mmax −M)︸ ︷︷ ︸

NPs binding
to membrane

+ k2M︸︷︷︸
NPs unbinding
from membrane

+ k3(BSS −B)︸ ︷︷ ︸
Diffusion of NPs
from bulk media

− k4fBL︸ ︷︷ ︸
Fluid phase
endocytosis

(15)

+ k5(I −B)︸ ︷︷ ︸
Regular
diffusion

− k6H(B − I)︸ ︷︷ ︸
Disruption mediated

diffusion

dM

dt
= k1B(Mmax −M)︸ ︷︷ ︸

NPs binding
to membrane

− k2M︸︷︷︸
NPs unbinding
from membrane

− k4rML︸ ︷︷ ︸
Receptor mediated

endocytosis

(16)

dI

dt
= k4rML︸ ︷︷ ︸

Receptor mediated
endocytosis

+ k4fBL︸ ︷︷ ︸
Fluid phase
endocytosis

− k5(I −B)︸ ︷︷ ︸
Regular
diffusion

+ k6H(B − I)︸ ︷︷ ︸
Disruption mediated

diffusion

(17)

Holes in the lipid bilayer occurring from a ’cannonball’ effect of nanoparticles may be caused
by external (k7), or less likely, internal NPs (k8). These holes are assumed to be repaired pro-
portional to the quantity of holes (k9).

We take into account the size of the lipid bilayer, since when endocytosis is actively occur-
ring, membrane is being removed. Lipid membrane is assumed to decrease at rates linked to
the activity of both receptor–mediated and fluid–phase endocytosis. We assume lipid membrane
is replaced at a rate (k10) proportional to the difference between maximum (Linf ) and current
membrane size.
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The equations for size of lipid membrane, and number of holes are thus:-

dH

dt
= k7B︸︷︷︸

Disruption from
external NPs

+ k8I︸︷︷︸
Disruption from

internal NPs

− k9H︸︷︷︸
Repair
of holes

(18)

dL

dt
= k10(Linf − L)︸ ︷︷ ︸

Lipid
Replacement

− k4rML︸ ︷︷ ︸
Surface lipid loss

through endocytosis

− k4fBL︸ ︷︷ ︸
Surface lipid loss

through endocytosis

(19)

Note that the net flux of nanoparticles entering the system is given by

d

dt
(B +M + I) = k3(BSS −B) (20)

5.2 Parameterisation

Due to time constraints, minimal parameterisation from the literature took place. Instead, from
qualitative analysis, we inferred orders of magnitudes as a starting point for most parameters.

• Binding is assumed to occur faster than unbinding: O(1) vs O(0.1)

• Disruption mediated diffusion is assumed to contribute significantly less than endocytosis:
O(0.01) vs O(0.1)

• Regular diffusion is assumed to contribute significantly less than disruption mediated
diffusion: O(0.001) vs O(0.01)

• Fluid–phase endocytosis is several orders of magnitude smaller than receptor–mediated
endocytosis, so we chose to ignore this completely

• Disruption caused by internal NPs is assumed to be negligible, and thus set to 0

• Disruption caused by external NPs is scaled to 1

• Maximal quantities have been scaled to 1

• For the purposes of these simulations, replenishment is set to 0

The complete list of parameters for the system in normal conditions (37o in the absence of
serum) can be found in Table 8, where we have also considered the parameters for cells in the
presence of serum, and for cells cooled to 4o.

5.2.1 Temperature

Data from experiments on rates of endocytosis with respect to temperature [16] suggest activity
is governed by two activation energies creating a piecewise function to determine activity from
temperature. For simplicity we note that an exponential function forms a good approximation
to the function for temperatures in the range 0o to 40o centigrade. Since we are considering
endocytotic rates at 4o and 37o centigrade, this is a reasonable approximation to make.
For the function given by

f(temperature) = k11 exp(temperature) + k12 (21)
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Parameter Explanation Value 37o Value 37o Value 4o

No Serum Serum No Serum

k1 Binding of NP to membrane 1 0.05 1
k2 Unbinding of NP from membrane 0.1 0.1 0.1
k3 Replenishment of NP from bulk solution 0 0 0

k4r Receptor mediated endocytosis 0.1125 0.1125 0.00073
k4f Fluid–phase endocytosis 0 0 0
k5 Diffusion through membrane 0.001 0.00005 0.001
k6 Disruption mediated diffusion 0.01 0.0005 0.01

k7 Disruption of membrane from external media 1 0.05 1
k8 Disruption of membrane from internal media 0 0 0

k9 Repair rate of holes 1 1 1
k10 Lipid replacement 1 1 1

L∞ Max amount of lipid in membrane 1 1 1
BSS Max number of particles in boundary region 1 1 1
Mmax Max number of particles bound to membrane 1 1 1

Table 8: List of Parameters used in the Compartmental model.

Parameters k11 = 0.1247 and k12 = 1.00 are obtained through fitting f(temperature) to data.
Now, the relative activity of endocytosis at 4o compared to 37o is:

temp(4)

temp(37)
× 100 = 0.65% (22)

Thus k4r receptor–mediated endocytosis is taken to be 0.65% of its normal condition value. The
complete parameter list for the 4o is shown in Table 8.

5.2.2 Serum

In the presence of serum, we assume boundary layer particles are ‘coated’ with other com-
pounds, affecting processes associated with these particles. Parameters governing binding of
nanoparticles to membrane, disruption, and all forms of diffusion, are set to 5% of their original
value for simplicity.

5.3 Simulations

Initial simulations run for non-serum conditions at 4o and 37o centigrade are shown in Figure 7.
Simulations for cells in serum vs non-serum at 37o centigrade are shown in Figure 8. We see
that in normal conditions (37o in the absence of serum), endocytosis dominates as the major
route of nanoparticle entry into cells. At 4o endocytosis is almost completely shut off, though a
small number of nanoparticles become internalised through the processes of diffusion and dis-
ruption. In the presence of serum the rate of particles being endocytosed is significantly lower,
but still dominates over diffusion and disruption as the major route of particle intake.

We were able to reproduce several qualitative aspects of the nanoparticle experiments in the
simulation, such as particles bound to the membrane, but not internalised in the 4o experiments,
though these may be due to our choice of parameters.
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5.4 Conclusions

Timing constraints restricted active parameterisation, and as such, our choice of parameters
is almost entirely arbitrary. However, simulations were able to reproduce many aspects of
nanoparticle uptake given in the problem presentation. Clearly a more judicious choice of
parameters is required before conclusions can be drawn. In addition, we did not have time to
fully explore the impacts of heat on process other than endocytosis, in particular, we would
predict diffusion, both within the bulk media, and across the cell membrane to be affected.
Finally, restricted timing again forced us to oversimplify parameterisation in the presence of
serum. Conditions such as charge and viscosity could feasibly effect diffusion, binding and
disruption. A better understanding of the molecular aspects of binding in serum is needed for
us to create a more realistic model.

6 Estimation of the total number of NP internalised based on
the rate of endocytosis

6.1 ODE model for clathrin-mediated endocytosis

We consider the experiment on clathrin-mediated endocytosis (see Figure 9). By normalization,
Figure 9, which presents the time course of clathrin spot disappearance, can be transformed
into Figure 10 which shows the time course of NP internalisation. The decreasing rate of inter-
nalisation indicates the existence of saturation phenomena. For later use, we denote the time
at which 50% of particles are absorbed as t1, and for the data of Figure 9, t1 = 5 min.

Figure 9: Time course of clathrin spot disappearance. Figure from [17].

Let N0 denote the total number of NP in the cell at the end of the endocytosis. Based on
the mathematical model presented in Section 5, the number N(t) of NP internalised at the
moment of time t satisfies the differential equation

dN

dt
= k(N0 −N) (23)

with the initial condition
N(0) = 0. (24)

Here, k is a positive constant having dimension of reciprocal of time. The parameter k deter-
mines the rate of endocytosis, which is assumed to be decreasing with increases in N(t). The
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Figure 10: Time course of clathrin-mediated endocytosis.

problem (23), (24) has the following solution:

N(t) = N0

(
1− e−kt

)
. (25)

Using the condition
N(t1) = 0.5N0,

we find

k =
ln 2

t1
. (26)

Now, making use of the experimental data t1 = 5 min, we find

k = 0.1386 min−1. (27)

Note also that 1/k = 7.2 min.

6.2 Logistic model for clathrin-mediated endocytosis

We apply the logistic equation model, characterized by the following logistic sigmoid function
(see Figure 11):

P (x) =
1

2

(
1 + tanh

(x
2

))
.

Let us introduce the normalized number of NP endocytosed at the time moment t as follows:

n(t) =
N(t)

N0
.

According to the logistics model, we approximate n(t) as

n(t) = tanh
( t

2τ

)
. (28)

The parameter τ has dimension of time. The parameter 1/τ determines the rate of endocytosis.
Using the condition (see Figure 12)

n(t1) = 0.5,

we find

τ =
t1

2arctanh (0.5)
.
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Figure 11: Standard logistic sigmoid function.

Figure 12: Number of NP particles normalized with respect to the total number of NP in the cell, N0.

Note that

arctanh (0.5) =
ln 3

2
≈ 0.549.

Now, making use of the experimental data t1 = 5 min, we get

τ ≈ 4.5 min.

In order to validate this simple model and the model presented in Section 6.1, we draw some
conclusions from it and compare with another experimental observations.

6.3 Rate of endocytosis

Let us consider the rate of endocytosis, which can be represented by the two models as follows
(see Eqs. (23) and (28)):

Ṅ(t) = N0ke
−kt (ODE model),

ṅ(t) =
1

2τcosh2(t/(2τ))
(Logistic model).

The normalized rate of endocytosis at the initial moment is

ṅ(0) = k =
ln 2

t1
(ODE model),
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ṅ(0) =
1

2τ
=

arctanh (0.5)

t1
(Logistic model).

Taking into account that t1 = 5 min, we find

ṅ(0) = 2.3× 10−3 s−1 (ODE model), (29)

ṅ(0) = 1.8× 10−3 s−1 (Logistic model). (30)

Hence, the rate of endocytosis at the initial moment is, correspondingly,

Ṅ(0) =
ln 2

t1
N0 (ODE model), (31)

Ṅ(0) =
arctanh (0.5)

t1
N0 (Logistic model). (32)

However, at present, we do not know the value of N0. Thus, if we can estimate the value of
Ṅ(0), we can obtain an approximation for N0.

6.4 Estimation of the total number N0

In order to estimate Ṅ(0), we make use of the following data:

1. Number of vesicles produced simultaneously ∆N ≈ 100 to 150;

2. Duration of endocytosis ∆t ≈ 30 s [18].

Thus, the rate of endocytosis at the initial moment is

Ṅ(0) =
∆N

∆t
≈ 3 to 5 s−1. (33)

On the other hand, we have

Ṅ(0) = 2.3× 10−3N0 s−1 (ODE model), (34)

Ṅ(0) = 1.8× 10−3N0 s−1 (Logistic model). (35)

Comparing Eqs. (34), (35) with the relation (33), we obtain

N0 ≈ 1.7× 103 (ODE model), (36)

N0 ≈ 2.2× 103 (Logistic model). (37)

Note that the difference between the two models is about 20 %. The fitting of the theoretical
curve (see Figure 12) to the experimental data corresponding to Figure 9 should be used for
judging the appropriateness of the mathematical model.

6.5 Estimation of N0 from a geometric point of view

In order to estimate N0 by a geometric rule of thumb, we make use of the following data:

1. The form of a cell is approximated by a hemisphere. The width, w, and height, h,
of a cell are w ≈ 50 µm and h ≈ 10 µm. The hemispherical shape was chosen as a first
approximation for the upper surfaces of cells deposited on a flat surface of a rigid substrate
under the assumption of complete adherence of the cell surfaces to the substrate surface;
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2. The fraction of the cell surface area exposed to the external environment and involved in
endocytosis is assumed to be 25 %;

3. Diameter of a vesicle DV ≈ 50 to 150 nm.

By equating the surface area of a vesicle AV = πD2
V (considering a spherical vesicle) with the

area of the corresponding patch of the cell membrane, we estimate the diameter of the patch
to be DP = 2DV . Thus one patch of the membrane involved in endocytosis has the area
AP = πD2

V . The surface area, AC , and volume, VC , of a cell is calculated using the formulas

AC = 2πrh, VC =
π

3
h2(3r − h),

where r is the radius of hemisphere given by

r =
1

2h

(
w2

4
+ h2

)
.

Correspondingly, we will have AC = 2.3× 103 µm2 and VC = 1.0× 104 µm3.

Finally, by dividing the area 0.25AC by the patch area AP ∈ [7.85, 71] × 10−3 µm2 estimated
for the range DV =∈ [50, 150] nm, we get the number of vesicles NV in the following range:
NV ≈ 8.1 × 103 to 7.3 × 104 (see Table 9). (Note that NV decreases with increasing diameter
DV .) Based on the solution obtained in Section 4.1, we can estimate the maximum number
of NP, νmax

V in one vesicle and, correspondingly, the maximum number of NP, Nmax
0 , inside a cell.

The difference between the two estimates (see Eqs. (36), (37) and Table 9) is roughly of one-two
orders of magnitude. One of the possible sources of errors is the overestimation of the number
of NP in a vesicle due to random distribution of NP on the surface of a cell. Another source of
systematic error may be the deformation of the membrane patch involved in endocytosis that
is DV < DP /2.

DV (nm) 50 100 150

AP (µm2) 7.85× 10−3 0.031 0.071
NV 7.3× 104 1.8× 104 8.1× 103

νmax
V 1 6 46

Nmax
0 7.3× 104 1.1× 105 3.7× 105

Table 9: Estimation of the total number N0 of NP in a cell from a geometric point of view.
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7 Effects of serum on nanoparticle entry

We consider now the effect of the environmental conditions on nanoparticles. In section 1, the
findings of experimental work by the problem presenters on the effects of serum on nanopar-
ticle entry was introduced. In particular, it has been observed that in the absence of serum,
nanoparticle signal (measured in a fluorescence plate reader) is increased by up to 20-fold, rela-
tive to cells incubated in conventional 10% serum containing culture media. Furthermore, this
effect was more pronounced at higher nanoparticle concentrations than at lower. During the
study week, efforts were made to further analyse the data of Maude Giroud [19] (Master degree
student of Josh Rappoport) who analysed cellular interactions with manufactured nanoparticles
for the cases of with and without serum in MDCK and Hela cell lines.

Figure 13 displays box plots comparing the measured fluorescence after subtracting out the
background when serum was present in the media, and when serum was not present in the
media. The red horizontal lines represent the mean fluorescence, with notches indicating 95%
confidence intervals. The top and bottom of the boxes represent 75% and 25% quartiles, re-
spectively, and the whiskers extend to one and a half times the interquartile range further than
these two quantiles. Outliers, defined as a point outside the whiskers, are marked with a red
plus symbol. As can be seen from the box plots, the average fluorescence between the two cases
is markedly and statistically different. The average fluorescence with serum is nearly half of the
fluorescence when serum is not present in the media. Furthermore, an interesting observation
is that the variability of the fluorescence is much higher when serum is not present. This is also
visible in the following Kernel Density Estimation (KDE) (Figure 14).

The Kernel Density Estimation (KDE) provides an empirical estimate of the probability dis-
tribution of the data. Both KDEs shown are after subtracting background from nanoparticle
fluorescence. The means are again significantly different, and again we are able to see how the
variance when serum free media is used is much higher than the variance when media with
serum is used. This has many potential ramifications. It is possible that there is a much less
stochastic mechanism for nanoparticle transportation into the cell when serum is present in the
media. As such, nanoparticles which do enter the cell do so more consistently, possible through
attachment to other proteins present in the serum which undergo endocytosis. This explanation
is supported by the evidence that nanoparticles travel along microtubule paths when entering
the cell in media with serum, but do not when entering the cell in media without serum. This
difference in variance between the two experimental conditions is potentially very informative
and should not be disregarded in future assessments and analyses.
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Figure 13: Comparison of measured fluorescence for media with and without serum.

25



Figure 14: Kernel Density Estimations for media with and without serum.

8 A force based approach for the behaviour of cell membrane
as a nanoparticle comes near

In Section (3) we showed that fluid transport is a very unlikely mechanism for endocytosis.
However, when a nanoparticle approaches the cell membrane there is evidence ([3, 20, 21]) for in-
teraction between charged molecules within the membrane and the nanoparticle. In this section
we explore a hypothesis that electrostatic attraction between the nanoparticle and membrane
could cause the membrane to wrap around the nanoparticle, which may simulate endocytosis.

8.1 Model set up

We consider the forces acting on a cell membrane when a nanoparticle is close to the cell, to
predict the affect of a nanoparticle on the shape of the cell membrane. We consider a one di-
mensional section of membrane; in future work the model could be extended to two dimensions.

We assume that there are three forces acting on a section of membrane; tension acting tan-
gentially along the membrane, pressure due to molecules trapped between the membrane and
nanoparticle acting perpendicular to the membrane into the cell, and an attractive force acting
in the direction of the centre of mass of the nanoparticle due to electrostatic attraction between
the cell membrane and nanoparticle. X, Y , θ and T are the dependent variables in the model,
representing x− and y− coordinates, angle of the membrane from the horizontal and tension
respectively, as illustrated in Figure 15. We parameterise the model by arc length s. By the
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cell membrane

cell

water

(0, 0)

nanoparticle

T T

s = 0

F

P

t̂n̂ θ

Figure 15: Illustration of the modelling set up showing forces T, F and P acting upon a cell
membrane. The force T is the tension acting along the membrane, F is the electrostatic
attraction between the membrane and the nanoparticle, and P arises due to the pressure

exerted by molecules trapped between the membrane and nanoparticle.

definition of arc length,

dX

ds
= cos θ, (38)

dY

ds
= sin θ. (39)

At any point (X,Y ) on the membrane we define t̂ the unit tangent in direction of increasing s, n̂
the unit normal pointing outward from the cell, and f̂ a unit vector in the direction of the centre
of the nanoparticle. Defining (0, 0) to be the coordinates of the centre of the nanoparticle, from
Figure 15 we find geometrically that,

t̂ = (cos θ, sin θ) (40a)

n̂ = (− sin θ, cos θ) (40b)

f̂ = − (X,Y )√
(X2 + Y 2)

. (40c)

By the geometry of the cell the Frenet-Serret formula is applicable here, hence

dt̂

ds
= κn̂ (41)

where κ is the curvature of the membrane, which as a consequence of (41) is given by,

κ =
dθ

ds
(42)

We model the attractive force to act towards the centre of the nanoparticle, with magnitude
proportional to 1/distance2 from the centre of the nanoparticle, with constant of proportionality
A. Then defining the magnitude of the attractive force F = A/(X2 + Y 2), the force F is,

F = F f̂ =
−A

(X2 + Y 2)
3
2

(X,Y ). (43)
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8.2 Boundary Conditions

The model is symmetric about s = 0, so therefore,

θ = 0 at s = 0, (44)

and we fix X = 0 at s = 0. (45)

We assume that we have ‘semi-nondimensionalised’ the model, so that the horizontal distance
between the cell membrane and centre of the nanoparticle is said to be 1 at s = 0,

Y = −1 at s = 0 (46)

We also assume that the tension far from the nanoparticle is prescribed,

T = T∞ at s =∞. (47)

8.3 Force balance

T(s)

T(s+ δs)

θs

s+ δs

P

F cell membrane

cell

waternanoparticle

Figure 16: Illustration of the forces acting upon a small section of cell membrane.

Now we consider the forces acting upon a small section of membrane. Figure 16 illustrates
the forces acting on a section of membrane of length δs. The forces acting on a small section of
membrane must be balanced so that,

0 = T (s+ δs)̂t(s+ δs)− T (s)̂t(s)− P n̂(s)δs+ F (s)f̂(s)δs. (48)

where T (s) is the magnitude of the tension and P the magnitude of the pressure. Using a Taylor
expansion and neglecting terms in order (δs)2 and above, we consider the forces due to tension,

T (s+ δs)̂t(s+ δs)− T (s)̂t(s) ≈ T (s)̂t(s) +
dT

ds
t̂(s)δs+ T

dt̂

ds
δs− T (s)̂t(s)

=
dT

ds
t̂(s)δs+ T

dt̂

ds
δs

=
dT

ds
t̂(s)δs+ Tκn̂(s)δs (49)
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where the Frenet-Serret equation (41) was used.

We now substitute equations (40), (43) and (49) into equation (48) to obtain a horizontal
and vertical force balance,

0 =
dT

ds
cos θ − (Tκ− P ) sin θ − AX

(X2 + Y 2)
3
2

, (50)

0 =
dT

ds
sin θ + (Tκ− P ) cos θ − AY

(X2 + Y 2)
3
2

. (51)

The above equations (50) and (51), along with equations (38) and (39) and boundary conditions
(44)-(47) give a set of four ODEs for the variables X, Y , T , and θ, along with four boundary
conditions. This constitutes a well defined problem, and in the following section we present
numerical solutions and illustrate the effect of the magnitude of the attractive force between
the nanoparticle and membrane, and pressure within the cell.

8.4 Results and discussion

Figure 17: Numerical solutions showing the shape of the membrane when experiencing an attractive
force from a nearby nanoparticle.

We use the Matlab ode solver, ‘bvp4c’, to obtain solutions of this model. This solver requires
equations (50) and (51) to be rearranged so that we solve a set of equations of the form,

dX

ds
= cos θ, (52)

dY

ds
= sin θ (53)

dT

ds
= − A

(X2 + Y 2)
3
2

(X cos θ − Y sin θ) (54)

dθ

ds
=

P

T
+
A

T

X cos θ + Y sin θ

(X2 + Y 2)
3
2

(55)

Results are shown in Figure 17. As we would expect, this shows indeed the presence of a nearby
nanoparticle does cause the membrane to wrap around the particle, and that increasing the
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magnitude of the attractive force increases the degree to which the membrane wrapping occurs.

This model is highly oversimplified, and future work must involve extending it to three di-
mensions, and considering boundary conditions so that the section of membrane is continuous
with the rest of the cell membrane. However, we are able to illustrate that an attractive force
between a nanoparticle and the cell membrane could cause the cell membrane to wrap slightly
around the nanoparticle. This could act as a trigger for endocytosis. In addition, if possible,
the results should be compared to experimental data to see if the parameters used fall within
biologically realistic domains.

9 Conclusions and Future Work

Our aim during the study group week was to analyse the differing mechanisms of nanoparticle
entry into cells, and if possible to explain the role of serum in decreasing nanoparticle association
with cells. A variety of different initial models were developed and the results are summarised
here

1. We first compared differing mechanisms of endocytic entry of nanoparticles into cells,
namely fluid–phase endocytosis where nanoparticles are engulfed and become trapped in
the lumen of a vesicle, and receptor–mediated endocytosis, where nanoparticles bind to
the membrane which then forms a vesicle. Considering average nanoparticle size, solution
concentration, and vesicle sizes, our analysis indicated that fluid–phase endocytosis would
result in extremely low entry rates of nanoparticles compared to receptor–mediated endo-
cytosis, simply because the concentration of nanoparticles considered in the vicinity of the
vesicles is very low. The results therefore indicated that receptor–mediated endocytosis
is the dominant mechanism for nanoparticle entry into cells via vesicles.

2. Since the analysis for receptor–mediated endocytosis was based on a very simplified model
of nanoparticle packing on the vesicle membrane, the analysis was then extended and
a refined approximation was obtained, first considering the close packing of spherical
nanoparticles on a spherical surface, and then the packing in a sphere.

3. We next considered an ODE compartmental model in order to analyse the relative con-
tributions of endocytosis, diffusion, and membrane disruption to nanoparticle entry into
cells. The model included a representation of the bulk solution, the boundary region near
the cell, the cell membrane, and the cell interior. A dependence on temperature and
serum was also incorporated into the analysis. The results reproduced many qualitative
aspects of experimental evidence, in particular the reduction of nanoparticle entry at low
temperatures and the reduction in the presence of serum. However, in order to improve
the model and to make it predicative, further understanding of the mechanisms is needed,
as well as physiological values for the parameters used.

4. As a way to approximate the parameter values for use in the ODE compartmental model,
a method for estimating actual rates of endocytosis, and the corresponding number of
nanoparticles internalised was also developed, combining both the ODE model and a
logistic model.

5. As an initial attempt in order to understand the effect of serum on nanoparticle entry,
efforts were made to analyse experimental data on cellular interactions with manufactured
nanoparticles in the presence of serum and without. In the presence of serum, the average
fluorescence was found to be nearly half that for the case of without serum. In addition,
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the variance of the data in the presence of serum was also much less than that in the case of
without serum. However, in order to understand the data further and eventually the role
of serum, more modelling approaches should be taken. In addition, further experimental
data may prove useful particularly for the situation of low serum concentrations.

6. Finally, a two-dimensional force based approach for the behaviour of a membrane near
a nanoparticle was developed in order to model the electrostatic attraction between the
charged components of the nanoparticle and the cell membrane. The results show that
the presence of a nearby nanoparticle does cause the membrane to wrap around the
particle due to attractive forces, which could act as a trigger for endocytosis. Further
potential developments of the model include extending the analysis to three dimensions,
the incorporation of more physical boundary conditions, and comparison to experimental
data.

In addition, further experimental studies are to be carried out by Josh Rappoport and John
Preece together with Rosemary Dyson, and it is hoped that that further progress can be made
to incorporate the results of these into the models developed in this report.
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