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Introduction

New trends in the design and manufacture of orthopaedic implants and scaffolds
are moving towards the fabrication of functionally designed specimens that not
only offer a network for the cells to grow and proliferate on, but also an environment in which this process can be accelerated (e.g. using tailored chemistry
for the cavities’ walls, and a porosity gradation to alleviate clogging and isolation of the cells that are situated at the very centre of the scaffold). This new
strategy for the generation of geometries and chemical environments is aligned
with the biomimetic approach of manufacturing, in which the final specimen
is made to both look like and behave like natural materials (muscle, cartilage,
and bone tissues etc.). The work presented here is an example of this emerging
research field: a sonication technique is used to manufacture a porosity graded
materials to match the requirements of biological substrates for bioengineering
applications.
The characterisation of the density distribution in these solid foams is of vital
importance because this data can be used to inform the manufacture process
and further improve their properties and functionalities. However, the manufacture of functionally tailored materials (e.g. density engineered foams) has
developed at a faster pace than methods for their effective representation and
analysis. Consequently, a standard methodology for the 3d characterisation and
quantification of density gradient materials is still missing.
The intention of bringing this problem to the attention of mathematicians and
modellers was to generate ideas and workable solutions for the quantification
and representation of porosity tailored structures. Once this is achieved, there
is an opportunity to fully exploit the manufacturing of these artifacts for use in
orthopaedic applications.
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1.1

Design and manufacture of scaffolds

The structures produced for the present work are created during polymerisation,
as gas comes out of solution, forming a foam. Once cured, the foam consists
of cells, or pores, the walls of which have completely polymerised and solidified to form a skeletal structure. Precisely controlled, localised application of
ultrasound can influence the cellular structure of these foamed materials in a
predictable manner. Previous work [1, 2] has shown that ultrasound can be
used to affect local physical processes in the foaming medium, by the excitation
of bubble nucleation, and as a generator of local pressure changes in the fluid,
applying local membrane perturbation by stable cavitation and enhancing the
transport of mass through the cell walls. These effects can be observed directly
in cross-sections of foam that have been sonicated using the immersion technique
during their formation (Fig. 1).
The bubble motion (i.e. vibration in the acoustic field) and the position in the
standing wave is highly correlated with bubble size. Variation of the sound
intensity at a particular location leads to variation in the bubble position and
growth rate. At the same time, variation in the bubble size changes the hydrodynamic forces acting on the bubble in the acoustic field and, for a given
position and a given field intensity, the bubble will alter its size until it is in
resonance with the soundwave.
The experimental procedure followed is summarised as follows:
1. Measured amounts of chemical reactants were placed in the container located at a certain distance from the sonotrode, all of which was placed in
a temperature controlled (313 K± 1 K) water bath. In order to have both
transducer and foam container aligned, the sonotrode tip was immersed 2
cm below the free surface, on the same plane as that of the central plane
of the container. The reactants used in this study (Dow Europe GmbH,
Switzerland) were pre-treated and the diisocyanate content in the mixture
was rectified to have a fixed value of 40%.
2. The polymerisation process was initiated by the addition of water (the
chemical blowing agent and catalyst for the reaction). The amount of
distilled water added was 20%vol H2 O per ml mixture. This was done
using the procedure of stirring for a standard time of 70 seconds and
minimising air intake into the mixture.
3. Ultrasound of known frequencies and acoustic pressure values was applied
(20 kHz, 25 kHz, 30 kHz and 12-15 kPa, 4-8 kPa, 7.5-8.7 kPa respectively).
All mixtures were sonicated in an open-vessel container to avoid the build
up of the internal pressure due to the water vapour and gases (e.g. CO2 )
generated by the reaction that could provoke unwanted implosion of bubbles. The containers were perpendicular to the sonicating probe and had

2

the opposite 180◦ of their surface shielded by absorbent material to minimise reflections from the walls and enable investigation of the effects by
“direct” ’near field’ sonication. Thermocouples and conductivity probes
were held in the middle of the mixture and used to monitor the reaction
and establish its completion (i.e. after peak temperature).
The 20-minute irradiation period was an off/on cycle of 2 min on/1 min
off starting after adding the distilled water, and then left in the bath for
30 minutes until the foam was rigid. This cyclic irradiation was established by initial experimentation as sufficient to induce changes in the
foam structure without causing collapse.
4. On completion of the reaction, the foam was left to cure for 48 hours.
5. Once the sonicated foams were fully cured, they were de-moulded and cut
in half with a coarse-tooth saw and the cross-sections scanned for further
analysis.

1.2

Current characterisation techniques

To assess the effects of the ultrasound exposure on the foam’s cellular structure, a method of characterising the porosity distribution within a material is
essential. For an average density value for the bulk material, porosity can be
measured using liquid displacement techniques (e.g. Archimedes, toluene infiltration displacement, mercury-porosimetry). However, for this work in which
heterogeneous material’s porosity has to be assessed, a new technique that couples both porosity value and location is required. So far, an image processing
application developed in Matlab, known as a ‘topo-porosity mapping’ tool, has
allowed the analysis of the foam porosity. The purpose of the topo-porosity
mapping tool is to correlate the topographic distribution of isolines of density
in each sample with the manufacturing process parameters present during its
formation (e.g. sonicating irradiation, frequency and relative position in the
acoustic field). This strategy considers the density of a cellular solid as the
ratio of the density of the foam to the density of the solid material.
In essence, the program calculates the amount of cell wall material in different
areas of a cross-section of the foam. Points with the same range of porosity
are connected by curves in the same way that contour lines in a topographic
map connects continuous points of the same altitude. These topographic maps
of porosity provided information on the porosity distribution within a foam
cross-section, indicating the relative positions of areas with equivalent porosity.
However, this method is only currently applied to 2d surfaces of the sliced foam
and produces a relatively complex image of the final material which does not
readily lend itself to use as part of an optimisation and design scheme.
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1.3

Questions posed to the study group

The successful manufacture of functionally tailored materials (e.g. density engineered foams) for advanced applications requires an effective control over the
process variables. In order to achieve this, density gradation needs to be simply
represented and quantified, so this information can be fed back to the design
process. The overarching question posed to the 10th Mathematics in Medicine
Study Group was an investigation of how a periodically distributed porosity
gradient in a 3d volume could be translated into a mathematical expression.
This is part of the strategy of coupling porosity characteristics with location in
the 3d volume.
Specific questions to be addressed are:
1. How can asymmetry be quantified in a porosity gradation? In particular,
when presented with a non-linear pore distribution, or one not necessarily
centred at the vertical axis, how can symmetry, or asymmetry, be quantified in these distributions?
2. How can porosity characteristics be coupled with location in a 3d volume
through a mathematical function rather than a discrete data set?
This problem is not solely a medical problem affecting bioengineering, orthopaedics
or tissue engineering. Solving this issue will also have an impact on numerous
fields such as materials engineering, structural materials, geophysics, prospection and petroleum engineering, filtration and membranes in chemical engineering, food technology for functional foods, etc.
In addition to the questions of characterisation the group discussed the modelling of the foam formation during the chemical reaction and the influence of
the acoustic wave on the bubble formation. These investigations are detailed in
subsequent chapters.

2

Material characterisation

The main task in this study group project centres on the characterisation of
the final sample, after polymerisation and sonification. Examples of samples
produced by different positioning of the sample in the acoustic wave are shown
in Fig. 1.
After the sample is produced, a computerised tomography (CT) scan was carried
out in order to produce cross-sectional polymer density maps. Three CT scans,
of the same sample at different vertical coordinates, are shown in Fig. 2. Over
600 slices from the CT scan were provided to the project group. Of these images,
4

z direction

Figure 1: Cross-section of three exemplars of porosity graded foams, manufactured by sonication.

Figure 2: Three examples of CT scans (index numbers 1, 51, 101). Background
noise is evident outside the sample.

101 were used to test the various analysis techniques below. These 101 images
were consecutive slices from around the middle of the sample, far from the top
and bottom edge regions where noise is more significant, and were indexed with
number 1 to 101.
In Fig. 2 there evidently remains a degree of noise in these scans and it is
necessary first to clean the data. It is also necessary to mathematically define
the sample boundary within each slice in order to calculate various statistics
from the data.

2.1

Data cleaning

In order to “clean” the data we have developed a Matlab code which first reads
in the greyscale data from the bitmapped image of each CT scan. We consider
the set of pixels which have a greyscale above a threshold value (taken to be
0.5 in this example) and then use the convexhull function within Matlab to
5

(a)

(b)

(c)

Figure 3: Raw data (colors correspond to density) and cleaned data for image
index numbers (a)1, (b) 51, (c) 101. The polygon defining the sample area is
given in each plot of cleaned data.
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draw a polygonal shape around these data points. This polygon is then used
to define the boundary of the sample for that CT scan slice. Only the pixels
within this polygon (whether or not they have greyscale value greater or less
than the threshold) are then used to calculate statistics for the sample.
Figure 3 shows the raw data and the cleaned data for the three CT scans in
Figure 2, as well as the bounding polygon calculated by Matlab.
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Figure 4: Polygonal boundaries for every tenth CT slice
At this point we therefore have a three-dimensional array of greyscale values (between 0 and 1) which represent the density of the polymer material (ρ(xi , yj , zk ))
at each point, located at coordinates specified by r(i, j, k) = (xi , yj , zk ), where
i and j indicates the pixel array coordinates in each CT scan (i between 1 and
nx , equal to 645 in this example, j between 1 and ny , equal to 639 in this example), and k is the CT scan index number (between 1 and nz , equal to 101 in
this example). With information on the size of each pixel and the difference in
height of each CT scan we can also provide a dimensional value for the relative
coordinate in space. However, this information is only strictly necessary when
calculating gradients of density (see below). From the convexhull routine we
also have an array, I, the same size as the density array the elements of which
are either 1, if the CT scan pixel is inside the bounding polygon for that slice,
or 0, if the pixel is outside the bounding polygon. For the data used in this
example Figure 4 shows the polygonal boundaries for every tenth CT slice.
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The “clean” data is therefore given by,
ρc (xi , yj , zk ) = ρ(xi , yj , zk )I(xi , yj , zk ),

(1)

so that, for every point outside the bounding polygon, ρc = 0.
Although this is not a measure of the porosity within the sample, this density
data will be useful in determining the characteristics of the sample and is related
to porosity. An investigation of the measures of porosity and pore-size was
thought to be beyond the scope of the study group period although many of
the techniques used here can be translated once methods of data analysis which
identify pore-size are formulated.

2.2

Data measures

From the cleaned data it is then relatively easy to calculate various statistical
measures from the density scans. The number of pixels,
X
n(zk ) =
I(xi , yj , zk ),
(2)
i,j,k

which is a measure of the sample slice area, as a function of z coordinate (defined
by the vertical direction in Fig. 2), is plotted in Fig. 5(a). For this set of scans we
see that the number of pixels, and therefore the cross-sectional area, increases
initial and then decreases slightly as we move up through the sample (in the
positive z direction).
The average densities for the raw and clean data, as a function of CT slice (i.e. z
coordinate) are then,


X
ρ(xi , yj , zk ) / (n(zk )) ,
ρ̄(zk ) = 
(3)
i,j

ρ̄c (zk )



= 

X
i,j



ρc (xi , yj , zk ) / (n(zk )) ,

(4)

and are shown in Figure 5(b). The raw data value of the average density in
Figure 5(b) shows that this calculation produces an under-estimation of the
density, because of the inclusion of the area outside the sample, and even has
an upward trend, in contrast with the cleaned data, because of the increase in
size of the sample as a function of z.
The centre of mass of each CT slice can also be calculated,
!
P
P
i,j yj ρc (xi , yj , zk )
i,j xi ρc (xi , yj , zk )
P
,
, P
xm (zk ) = (xm (zk ), ym (zk )) =
i,j ρc (xi , yj , zk )
i,j ρc (xi , yj , zk )
(5)
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Figure 5: (a) Number of pixels in each CT scan versus slice number (i.e. z
coordinate). (b) Average density of raw and cleaned data for each CT scan,
versus slice number. (c) Centre of mass movement as z varies. Green indicates
the centre of mass at the lowest z value (slice index number 1) and red indicates
the highest z value (slice index number 101). (d) Zoom of the plot (c).

and is plotted in Figure 5(c) and (d). For this set of CT scans we see that the
centre of mass does not vary significantly, compared with the size of the sample.
Given the density array ρc (xi , yj , zk ) we can then calculate the density gradient
vector,


∂ρc ∂ρc ∂ρc
g(xi , yj , zk ) = ∇ρc (xi , yj , zk ) =
,
(6)
,
,
∂x ∂y ∂z

where the partial derivatives are understood to be calculated discretely. It is
at this point that information on the real distance between pixels and the CT
scan slices is necessary, in order to calculate the partial derivatives above. For
this example we have used the fact that CT scans are taken at intervals equal
to 0.87 times the CT scan pixel side length.
This vector quantity gives information on the local density gradient direction at
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Figure 6: (a) Modulus of the density gradient vector for each pixel in one slice.
(b) Cross-sectional average value of the modulus of the density gradient as a
function of z
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each point in the sample. For instance Fig. 6 shows the modulus of the density
gradient for one cross-section as well as the cross-sectional average value of the
modulus of the density gradient as a function of z.

120

CT scan index (z coordinate)

100

80

60

40

20

0
0
100

pi

um

ln

xe

200
600

300

r(

be

500
400

x

400

co

300
200
600

100

pixel

0

)

te

na

di

or

500

e)

t
rdina

coo
er (y

numb

Figure 7: Eigenvectors of the second moment tensor for the density gradient.
From the density gradient vector we can calculate the local second moment
tensor, at each point in the sample,
  2



M(xi , yj , zk ) = g ⊗ g = 



∂ρc
∂x

∂ρc ∂ρc
∂y ∂x
∂ρc ∂ρc
∂z ∂x

∂ρc ∂ρc
∂x ∂y
 2
∂ρc
∂y
∂ρc ∂ρc
∂z ∂y

∂ρc ∂ρc
∂x ∂z

∂ρc ∂ρc
∂y ∂z
 2
∂ρc
∂z



.



(7)

The summation of this function over the whole sample produces the gross second
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order moment tensor,
M̄ =

X

M(xi , yj , zk ),

(8)

i,j,k

and the traceless version of this tensor gives the “order tensor”,
1
Q = M̄ − trace(M̄).
3

(9)

The eigenvalues and eigenvectors of Q then provide information about the gross
density gradient direction within the sample. For instance, in the present example, for CT scans with index numbers from 1 to 101, the gross second order
moment tensor is,


0.0095 0.0168 0.0014
Q =  0.0168 0.0100 0.0014  ,
(10)
0.0014 0.0014 −0.0196

which has eigenvalues

(λ1 , λ2 , λ3 ) = (−0.0196, −0.0071, 0.0267),
and eigenvectors







0.0308
0.7121
0.7014
e1 =  0.0296  , e2 =  −0.7021  , e3 =  0.7115 
−0.9991
0.0011
0.0427

(11)

(12)

These eigenvectors are plotted in Fig. 7, where each eigenvector is scaled by
the appropriate eigenvalue, which is a measure of the relative magnitude of the
density gradient in that direction. As might be expected, Fig. 7 shows that one
of the density gradient tensor eigenvectors (e1 ) approximately aligns along the
cylindrical symmetry axis (at an angle of 2.45o to the vertical).
For this sample, which is roughly cylindrical, it would also be useful to calculate
the second moment in polar coordinates to demonstrate that there is a significant
density gradient in the radial direction.

2.3

Density function fitting

As well as the measures discussed above we can perform more sophisticated
data analysis by fitting a functional form to the discrete data points in the
array ρc (xi , yj , zk ). We may fit the data to any functional form ρfit (x, y, z; αl )
by varying the parameters αl in order to minimise the difference between the
data and the function values. A common measure of the difference is the least
squares error,
sX
2
(ρfit (xi , yj , zk ) − ρc (xi , yj , zk )) .
(13)
E=
i,j,k
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(c)

Figure 8: Fits for the CT scan slices in Fig. 2.
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Usually some knowledge of the data is used in choosing the function ρfit . For
this system we demonstrate this method using a relatively simple step function
which partitions each CT scan slice into two regions,

 ρ1 for (x − xm )2 + (y − ym )2 ≤ r1 2
ρ2 for (x, y) in the sample and r1 2 ≤ (x − xm )2 + (y − ym )2
ρfit (x, y, zk ) =

0 for (x, y) outside the sample
(14)
where (xm (zk ), ym (zk )) is the centre of mass from eq. (5). For this fitting function the parameter values, αl , to be found by minimising the least squares error
are ρ1 , ρ2 and r1 .
Fitted step functions are shown in Fig. 8 for the three CT slices in Fig. 2. The
values of ρ1 , ρ2 and r1 for these three slices are (a) ρ1 = 0.1906, r1 = 104.55,
ρ2 = 0.2764, (b) ρ1 = 0.1722, r1 = 224.27, ρ2 = 0.2528, (c) ρ1 = 0.1267,
r1 = 110.06, ρ2 = 0.1376. For the first CT slice the average density is ρ = 0.2488
and the fitted function has an inner region of a lower than average density
surrounded by an outer region of higher than average density. Similarly, the
second CT scan has an average density of ρ = 0.1925 with a low density region
inside a high density region. For the third slice, although the fit shows an inner
region of lower density as before, the difference between the densities is much
smaller, for this case the average density is ρ = 0.1356. For the three cases
above, the maximum distance of a point in the sample from the centre of mass
is, respectively, (a) rmax = 222.80, rmax = 294.83, (c) rmax = 288.04.
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Figure 9: (a) Fitted density levels, ρ1 , ρ2 , for the two discrete regions indicated
in Fig. 8, and the average density, as a function of z. (b) Fitted radius, r1 , and
the maximum radius rmax .
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The change in these individual slice fitting parameters can now be plotted as
a function of z, the distance through the sample. Figure 9 plots the density
levels and radius from the fitting function in eq. (14), together with the average
density and the maximum radius, the maximum distance from the centre of
mass among points in the sample.
Although there is some noise evident in the results from the fitting routine, in
Fig. 9, and the fitting routine could be improved with a more sophisticated form
of the function ρfit , we see distinct trends in the density levels in the the inner
and outer regions. The sudden reduction in the inner radius at the 98th slice is
a consequence of the degeneracy introduced into the fitting routine because the
density levels of the two regions are extremely close.

3

Formation of the porous material

The foam used in this study is created by a chemical reaction producing the
solid polyurethane structure. Polyurethane (PU) is made by the polymerisation
of a monomer mixture, polyol and isocyanate, after the addition of a catalyst.
The urethane group formed has robust mechanical and chemical properties that
have made this polymer one of the most widely used in industry over the past
seventy years. The reaction occurs in two stages as follows:
1: R − N = C = O(liq) + H2 O(liq) → R − N H2 (liq) + CO2 (gas)
2: R − N = C = O(liq) + R − N H2 (liq) → −R − N H − CO − N H − R − (liq)
or equivalently described by,
1: ISOCY AN AT E + W AT ER → AM IN E + CARBON DIOXIDE
2: ISOCY AN AT E + AM IN E → U RET HAN E
Crosslinking of the urethane groups produces the polyurethane. The water
diffuses across the holes formed between the chains of polyurethane reacting
simultaneously with the isocyanate groups at the end of the chains, causing the
reticulation (or cross-linking) of the polymer, and forming a semi-rigid solid.
The gas product, carbon dioxide CO2 , acts as a blowing agent and fills up the
cavities, eventually forming a polymeric foam once the matrix has fully solidified.
Foaming occurs during the rise stage at constant pressure but with variable
volume (i.e. free expansion in an open vessel). The chemical blowing agent, CO2 ,
raises the polymeric melt until a maximum height is reached. Foaming occurs
simultaneously with the reaction. Once the foam has reached its maximum
height, the exothermic energy of the reaction is used for the creation of links
between monomers, cross-linking, creating long chains that form the polymer,
entangled units that will form cells.
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The final stage of the process, gelation, leads to the solid foam structure. In
this stage the rigidity of the fluid is enough to consider the bubbles as cells.
Bubble size becomes fixed and there is no possibility for the bubbles to expand
or collapse, as the increasing viscosity of the plastic makes the walls stiff and
strong against shear forces. Finally when all the polymeric mass has gelled, the
final structure is obtained, cross-linking finishes and the foam starts a curing
period where cells become fully solidified.
In order to manufacture foams with a specific characterisation an acoustic field
can be used to tailor porosity within the bulk of the foam by subjecting the
bubbles to stable cavitation and pulsations that allows bubble size adjustment
before solidification [3].

3.1

Modelling the chemical reaction

CO2 is produced as a by-product of the polymerisation reaction and initially
exists in solution in the polymer matrix. Through the process of nucleation,
tiny bubbles are formed in the matrix and as the reaction continues CO2 moves
from solution into the bubbles. In the absence of an acoustic field this process
would occur unimpeded until all the CO2 in the reaction mixture moved into
the bubble population. The application of a standing acoustic wave across the
sample affects the migration of CO2 into the bubbles at different spatial points,
by a process we shall describe later, and can, in this way, be used to design
and manufacture scaffolds with different porosity characterisations. In order
to attempt to model the effect of the acoustic wave on the system we need to
consider what is happening in the chemical reaction; when the concentration of
the monomers and dissolved CO2 in the matrix and the concentration of CO2
in the bubbles is changing.
A simplification of the chemical reaction can be written in terms of the important
chemical groups which are combining:
OH + NCO ⇒ POLYMER + CO2
and the rate equations for each of the monomer species, cyanate group (NCO)
and hydroxyl group (OH), are given by
∂[NCO]
∂t
∂[OH]
∂t

=

−k[NCO]a [OH]b ,

(15)

=

−k[NCO]a [OH]b ,

(16)

where, for this complex polymerisation process, the constants a and b are normally determined empirically. These equations immediately insist that the rate
of change of the difference in concentration of the two monomers is a constant,
i.e. it is equal to the difference in concentration between the two species at t = 0
17

as follows:
∂
[NCO] − [OH] = 0,
∂t
⇒ [NCO] − [OH] = [NCO]t=0 − [OH]t=0 = β,

(17)
(18)

where β is some constant equal to the difference in concentration of the monomer
species at time t = 0. We can therefore express the concentration of [OH] in
terms of the concentration of [NCO] as follows:
[OH] = [NCO] − β.

(19)

If we let M (t) be the concentration of the cyanate group in the matrix, [NCO],
then the concentration of hydroxyl, [OH], can be expressed as (M (t) − β), and
our rate equation (15) for M (t) is
∂M (t)
= −kM (t)a (M (t) − β)b .
∂t

(20)

In other words the rate of removal of each of the monomers from the system is
proportional to their rate of interaction and k denotes the rate constant. Next
we consider the concentration of dissolved CO2 in the polymer matrix, denoted
by C(t), and the concentration of CO2 existing in bubbles Cb (t) at a given time
t. Dissolved CO2 appears in the mixture at the same rate as the monomer
concentration is removed by the reaction. The decrease of dissolved CO2 in the
mix is due to the migration of CO2 from the mixture into the gaseous bubbles
initially formed by nucleation. The rate equation is therefore
∂C(t)
= kM (t)a (M (t) − β)b − αA(t)(C(t) − Cb (t)).
∂t

(21)

where A(t) is the total effective bubble surface area for gas transfer at time t
and α is the gas transfer rate constant across the bubble surface. The function
A(t) could be the surface area of a single bubble if a lone bubble is being
considered or, if the system is averaged over the whole (or a localised) domain,
given by the sum of 4π [R(x, t)]2 for all bubbles in the domain. However, if a
distribution of bubble radii R(x, t) is consider to be spatially dependant, the
above equation will be more complicated. The bubble radius, and consequently
the effective surface area for gas transfer, will depend on its spatial co-ordinate
and there are a number of mechanisms which may effect the bubble radius. It
is important to ascertain the role that each one plays in the system (see below).
The concentration of CO2 inside the bubble population at time t is proportional
to the concentration gradient across the bubble surface
∂Cb (t)
= αA(t)(C(t) − Cb (t)).
∂t

(22)

In the equations above we have assumed that the monomer concentration M (t)
and the dissolved CO2 concentration are spatially homogenous throughout the
sample.
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In order to close this system we need an expression for the bubble radius, R(x, t),
at a given point in time and space. There are a number of possible processes
affecting the radius of a given single bubble at time t. We will describe three
processes here that would need to be considered in such a model.

3.2

Rayleigh Plesset equation

The evolving radius R(t) of a single spherical bubble, located at x = x0 , in an
incompressible, viscous liquid irradiated by an acoustic pressure field P (t) can
be modelled by the Rayleigh-Plesset equation:
(
)


3Ṙ2
2σ
4η Ṙ
1
RR̈ +
pg − p0 +
=
− pv −
− P (t) ,
(23)
2
ρ
R
R
where the instantaneous gas pressure within a pulsating bubble, pg is given by
  3κ

R0
2σ
,
(24)
− pv
pg =
p0 +
R
R
and p0 is the hydrostatic liquid pressure outside the bubble. In a low amplitude
pressure field we have small amplitude stable oscillations of the bubble diameter
about the equilibrium radius R0 without leading to bubble collapse; this is
known as stable cavitation and
R(t) = R0 + Rǫ (t),

where Rǫ << R0 .

(25)

Other parameters in the equation are described in Table 1.
Symbol

Parameter

p0
PA
Rǫ (t)
ρ
σ
pv
η
κ

hydrostatic pressure outside the bubble
acoustic pressure amplitude
displacement of bubble radius from the equilibrium such that R(t) = R0 + Rǫ (t)
density of fluid surrounding a bubble
surface tension of a liquid
vapour pressure within the bubble
sheer viscosity
polytropic gas constant

Table 1: Parameters involved in the Rayleigh-Plesset.
For low amplitude fields the bubble oscillates linearly about an equilibrium
radius R0 . For a standing acoustic wave described by
P (x, t) = p0 + 2PA sin(kx) cos(ωt),

(26)

the instantaneous bubble radius is given by
R(t) = R0 − [Rǫ0 a sin(kx)] cos(ωt − θ),
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(27)

where Rǫ0 a is the amplitude of radial oscillation at a pressure antinode. This
is simply the equation of motion for the single, spherical bubble and describes
how the radius changes with time in the standing acoustic wave [6].
However, we need to take into account the dynamic process of rectified diffusion
due to the acoustic field which effectively results in the equilibrium radius of the
bubble, R0 , changing with time. In order to account for this process we need
to consider the mass transfer equation. An added feature that we also need to
include is the effective bubble shell at the immediate bubble-liquid boundary.
A description of this can be found below in the discussion of rectified diffusion.
The bubble shell can be modelled by the modified Rayleigh-Plesset equation
developed by Hoff [4] which also takes into account irradiation by a standing
wave acoustic field,
(
!
  3κ
2σ
3Ṙ2
R0
1
4η Ṙ
p0 +
RR̈ +
=
− pv
−1 −
− P (t)
2
ρ
R
R
R


12µs ds0 R02
R0
12Gs ds0 R02
−
.
(28)
1
−
Ṙ
−
R4
R3
R
In this expression ds0 represents the shell thickness at rest and Gs and µs are
the elastic and viscous shell parameters.
Rectified Diffusion
Rectified diffusion is a phenomenon whereby bubbles undergoing stable cavitation in an acoustic field will have an equilibrium radius R0 that changes with
time. It is the energy of the sound field that actively pumps gas into the bubble
from the surrounding liquid. There are two mechanisms that cause this process:
The Area Effect
During the compression phase when the bubble radius is less than its equilibrium
value, the gas pressure in the bubble is greater than its equilibrium value and
gas diffuses into the liquid. Conversely, when the bubble radius is greater than
R0 the internal gas pressure is less than equilibrium and gas moves into the
bubble from the surrounding liquid. Because the bubble surface area is greater
during the expansion phase there is a net influx of gas into the bubble over a
period of time.
The Shell Effect
Gas diffusion is controlled by the thickness of the ‘shell’ around the bubble (i.e.
the diffusion layer). When the bubble expands, the shell becomes thinner and
the concentration gradient increases resulting in an increased flow rate. When
the bubble is compressed the shell becomes thicker resulting in a decreased
concentration gradient and a reduced flow rate [6].
We need to model this resultant increase in equilibrium radius R0 (t) over time
and couple it to the Rayleigh-Plesset equation of motion. This would be the
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subject of further work.

3.3

Bjerknes Forces

The primary Bjerknes force is a net radiation force which is the combined result
of an acoustic field acting on a non-linearly oscillating bubble. If we consider a
body of volume V in a liquid under a pressure gradient ∇P . This body experiences a force given by F = −V ∇P . In the high frequency acoustic standing
wave used in scaffold manufacture, these quantities vary periodically in time and
are fluctuating fast; the net force on the body is therefore the time average of
F. The net radiation force, FB , acting on a spherical bubble in a standing-wave
sound field equals
4
(29)
FB = − πhR3 ∇P i,
3
where h· · · i denotes the time averaging over a period of the acoustic field [5]. If
we consider a bubble in a standing wave field, the pressure gradient oscillates
as does the bubble radius and volume. The irradiating acoustic pressure field p
is described by
P (x, t) = p0 + 2PA sin(kx) cos(ωt)
(30)
where p0 is the static pressure and k = ω/c is the wavenumber. If we consider a
single bubble oscillating linearly about an equilibrium radius R0 , with resonance
ω0 , then the instantaneous radius R is
R(x, t) = R0 − [Rǫ0 a sin(kx)] cos(ωt − θ),

(31)

where the phase factor θ equals zero for bubbles much smaller than resonance,
and θ = π for bubbles much larger than resonance size. Rǫ0 a is again the
amplitude of radial oscillation at a pressure antinode. The positive acoustic
pressure causes a reduction in bubble volume when the two are in-phase and
therefore we subtract this change from the equilibrium radius R0 [7].
The Bjerknes force is therefore calculated to have magnitude,
FB =

3PA kV0 sin(2kx)
Rǫ0 a cos(θ),
2R0

(32)

in the x-direction. Bubbles of less than equilibrium radius (0 < θ < π/2,
so cos θ > 0) therefore feel a positive force and are attracted to the pressure
antinodes, and bubbles greater than equilibrium size (π/2 < θ < π, so cos θ < 0)
travel to the pressure nodes. This primary Bjerknes force represents a possible
mechanism for the manifestation of the bubble size distributions observed in the
polymer foam irradiated in a standing wave acoustic field.
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3.4

Ostwald Ripening

A number of smaller bubbles occupying the same volume as one big bubble will
have a much greater surface energy per unit volume than the single bubble.
Therefore the system will tend to minimise the number of smaller bubbles in
favour of larger ones and as CO2 is produced in the chemical process it will tend
to move preferentially into the larger bubbles in order to minimise the energy
of the system. This phenomenon is called Ostwald ripening. This is another
mechanism, that results in the growth of R0 (t) over time, that we would look
to include in any future work on this model.

4

Conclusions and further work

In this report we have summarised the work undertaken during the study group
week, considering the characterisation of manufactured porous materials, as
well as the formation of these materials. In Section 2 a simplified approach is
used to clean the CT scan data, to analysis density gradients to find the major
directions of gradients, and subsequently the use of a simple fitting routine.
These techniques could be used to characterise and compare samples in order to
aid the design of specific material properties. In this area there is further work
needed to utilise the roughly circular cross-sectional shape of the sample, i.e. by
using cylindrical polar coordinates for the density gradient tensor calculations.
In Section 3 we have summarised a number of possible avenues of study for
the modelling of the formation process of the porous material. The relative
importance of these effects for the present situation needs to be investigated
before a closed system of equations can be formulated, which will accurately
model this process.
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