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1 Introduction

Beating of the atria and ventricles in the heart is governed by an electrical signal. This is initiated in the sinoatrial

node, and propagates over the surface of the atria, causing them to contract in a coordinated fashion. This forces the

blood to pass through the valves from the atria into the ventricles. The signal then passes through the atrioventricular

node and spreads over the surface of the ventricles, causing a coordinated contraction to eject the blood from the heart.

The surfaces of the atria and ventricle consist of discrete layers, or sheets, of muscle cells of different orientation. Due

to the complexities associated with the wave propagation the signal sometimes fails to activate the needed contraction.

The most complex of these heart rhythm disturbances lead to apparently ‘random’ electrical activation of the heart

muscle, known as fibrillation.

There are currently intractable problems in the study and treatment of heart rhythm disturbances. This is mainly due

to the limited and incomplete understanding, interpretation and prediction of the electrophysiological behaviour of the

myocardium. In the more complex arrhythmias, one can observe electrical signals breaking up into small uncoordinated

waves, which may lead to phenomena such as wave collision and annihilation, spiral waves, and contractions in an

uncoordinated manner. These are usually caused due to the presence of regions of ‘damaged’ myocardium. Currently,

localised destruction of myocardium remains the mainstay of curative arrhythmia management. However, it is not

always possible to identify the points of either the origin of a focal arrhythmia or the site of interruption of the pathway

of an abnormal electrical circuit.

This study group attempted to identify possible geometrical factors that could cause heart rhythm disturbances by

considering special cases of signal propagation, where the wavefront changes velocity. There are four main areas of

interest that were considered.

Firstly, in a single sheet of myocardium there can be some regions of damaged tissue that conduct slowly compared

to the healthy cells. We considered this problem analytically for a homogeneous tissue model by solving the Eikonal

equation (a differential equation describing the locus of a depolarising wavefront) when a signal wave encounters one

or two obstacles. In addition, we solved the Eikonal equation numerically for a wave going through obstacles of low

conductivity of different sizes. We also examined numerically the effect that the curvature of damaged tissue has on

the propagation path by considering two different clusters of non-conductive regions in the domain of the signal: one

made up of evenly-spaced sharp-edged objects (squares) and the other of evenly-spaced circular objects.

Figure 1: Cells in the myocardium [HSQ09].
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Secondly, myocardial tissue consists of cells that are long compared to their width (Figure 1). In a single sheet of

myocardium we considered how anisotropy in the alignment of the cells can affect the signal on a macroscopic scale

assuming all cells line up in the same direction and that the signal can only pass through the end faces of a cell. We

considered different lattices of polygonal cells and investigated the changes in propagation speed.

Thirdly, in a single sheet of myocardium it is possible to have regions of healthy cells that are aligned in different

directions (Figure 2). This is observed, in particular, near the entrances of the pulmonary vessels where recirculation

waves are likely to happen. We considered two such regions with orientation difference of 90 degrees and a signal

originating from a source on the boundary between the two.

Figure 2: Different orientation of cells [HSQ09].

Finally, we considered electrical coupling between two sheets in the myocardium. Analytically, this was done by

taking two sheets with cell orientation directions perpendicular to each other and then solving for the shortest time

needed for a signal to reach a general point in the domain from the signal source. A time penalty was incurred if a

signal crossed between the two sheets to account for the time delay needed to conduct through the extracellular matrix.

A numerical simulation for two sheets was also considered by coupling suitable differential equations for each respective

sheet, using a linear term for modelling the signal propagation from the sheet in which the signal originated to the other

one.
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2 Heterogeneity of conduction in a single sheet of myocardium

When an electrochemical signal reaches a myocardial cell, it changes its transmembrane voltage and ‘depolarises’ it.

The cell stays depolarised for a short time interval known as the ‘refractory period’, and if another signal is incident on

the cell during this period, it cannot depolarise. Thus for a basic model of electrical wave propagation in the heart, it

can be important to consider only the depolarising wave front of a signal, ignoring the repolarisation part of the action

potential. This type of problem can be modelled using the Eikonal equation, with the assumption that a wave will

always travel normal to the locus of its wavefront at any time.

First, we consider a wave front through a uniform, homogeneous excitable medium that encounters a single object

of no conductivity, then one that encounters two such objects, and lastly we use a numerical method to model a signal

through a gap. The first two can be applied to study signal propagation around the entrances of the pulmonary vessels

into the heart where patterns of recirculation are often observed.

2.1 Analytical solution of the Eikonal equation for a signal impacting on one or two objects

In this section, we show how an analytical solution to the Eikonal equation can reproduce the re-entrant waves

observed around pulmonary veins. The Eikonal equation models the leading edge of the depolarising wave, and has the

form:

| ∇T |= 1, (1)

where T (x, y) describes the spatial dependence of the locus of the wave and may be regarded as the time taken to

reach a point (x, y). We consider the following two problems.

2.1.1 A signal impacting on a circular object

Let us consider a plane wave with its left edge impacting on a circular object, representing the cross-section of the

pulmonary vein, as depicted in Figure 3.

Plane wave
θ

y

x

Region 1Region 2

a

Figure 3: Plane wave travelling in the y-direction with its left edge impacting on a circular obstruction with radius a.

The circle is centred at (−a, 0) with radius r = a, and the wave is propagating in the y-direction from its initial

state on the x-axis. In parametric form, the boundary conditions for T (x, y) are:

• In region 1: x = s, y = 0, T (x, y) = 0, s ≥ 0. (2)

• In region 2: x = −a + a cos θ, y = a sin θ, T (x, y) = aθ, θ ≥ 0. (3)
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The conditions in region 1 specify that the wave is propagating in the y-direction, while those in region 2 specify that

the edge of the wave must travel tangentially to the circle. The angle θ is measured anti-clockwise from the x-axis.

Using Charpit’s equations, the parametric solution to the Eikonal equation subject to these boundary conditions is

• In region 1: x = s, y = τ1, T (x, y) = τ1, τ1 ≥ 0. (4)

• In region 2: x = −a + a cos θ − τ2 sin θ, y = a sin θ + τ2 cos θ,

T (x, y) = aθ + τ2, τ2 ≥ 0.
(5)

The characteristics in region 2 propagate tangentially from the edge of the circle, and in geometrical terms, T (x, y)

is the distance from the origin to a point (x, y) taking a path around the edge of the circle and along a tangent to the

circle. The level sets of T (x, y) gives the locus of the wave front in the xy plane, so letting T (x, y) = t, the locus of

the wave front at time t is given by

• In region 1: x = s, y = t, s ≥ 0, t ≥ 0. (6)

• In region 2: x = −a + a cos θ − (t − aθ) sin θ, y = a sin θ + (t − aθ) cos θ,

t ≥ 0, 0 ≤ θ ≤ t/a.
(7)

We plot the time evolution of the wavefront impacting on a circle of radius a = 1 centered at (−1, 0) in Figure 4,

and note the spiral shape of the wave. The wave will continue to spiral round the circle and this simple model replicates

well the re-entrant waves around a pulmonary vein.

(a) 0 ≤ t ≤ π (b) π ≤ t ≤ 2π

(c) 2π ≤ t ≤ 3π (d) 3π ≤ t ≤ 4π

Figure 4: The time evolution of a spiral wave caused by plane wave travelling in the y-direction with its left edge impacting on
a circular obstruction with radius a = 1. The arrows indicate the characteristics direction with increasing time.
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2.1.2 A signal impacting on two circular objects of different size

The next question to ask is what happens to a plane wave passing between two obstructions. These may represent

the pulmonary vein and an ablated region of the surface of the heart, which the cardiologists have imposed to manage

cardiac arrhythmia.

Plane wave
φ

y

Region 2

x

Region 3

a L b

Region 1

θ

Figure 5: Plane wave travelling in the y-direction between two obstructions a distance L apart, with its left and right edges
impacting on circular obstructions with radii a and b respectively.

This scenario is depicted in Figure 5 with the wave propagating between two circles a distance L apart, the lefthand

circle of radius a representing the pulmonary vein as before, and the righthand circle of radius b representing a burnt

obstruction. The angle φ is measured clockwise from the x-axis as shown.

The boundary conditions in regions 1 and 2 are as before (2) and (3), with the same parametric solutions (4) and

(5). In region 3, the boundary conditions are given by:

• In region 3: x = L + b − b cos φ, y = b sin φ, T (x, y) = bφ, φ ≥ 0, (8)

and the parametric solution is given by

• In region 3: x = L + b − b cos φ + τ3 sin φ, y = b sin φ + τ3 cos φ,

T (x, y) = bφ + τ3, τ3 ≥ 0.
(9)

We emphasise again that the characteristics are the tangents to the circle. Letting T (x, y) = t, the locus of the

wavefront at time t is given parametrically in regions 1 and 2 by (6) and (7), and in region 3 by:

• In region 3: x = L + b − b cos φ + (t − bφ) sin φ, y = b sin φ + (t − bφ) cos φ,

t ≥ 0, 0 ≤ φ ≤ t/b.
(10)

In Figure 6 we plot the time evolution of the wavefront impacting on circles of radii a = 1 and b = 2 centered

at (−1, 0) and (7, 0) respectively, so that the distance between them is L = 5. Figure 6(d) shows that at some

time in the range 3π ≤ t ≤ 4π the spiral waves produced by each obstruction will collide with each other. Here

the characteristics cross, and a shock will form. The locus of the shock depends on the relative dimensions of the

obstructions and their separation. Further analysis is required to understand the structure of the shock and how this

affects the future evolution of the waves. It is also possible that the spiral wave from the smaller obstruction strikes

the larger obstruction before the waves themselves collide. To understand the effect of this impact requires further work.

6



(a) 0 ≤ t ≤ π (b) π ≤ t ≤ 2π

(c) 2π ≤ t ≤ 3π (d) 3π ≤ t ≤ 4π

Figure 6: The time evolution of a spiral wave caused by plane wave travelling in the y-direction between two circular obstructions,
one with radius a = 1 centred at (−1, 0) and the other with radius b = 2 centred at (7, 0), so that they are separated by a
distance L = 5. The arrows indicate the direction of the characteristics and point in the direction of increasing time.

2.2 Numerical solutions of the Eikonal equation for a signal through a gap

In this section we carry out a numerical solution to the Eikonal equation, based on the Fast Marching Method

outlined by [Set99]. We use the version of the Eikonal equation outlined in the book:

|∇T | = f(x, y)

where f(x, y) = 1
F (x,y) is the reciprocal of the scalar speed function F (x, y) - a greater value of f(x, y) denotes a

slower conducting region.

A discretisation of 160 x 160 grid points for the square [−1, 1]2 is used. Thus a point (x, y) is labelled as (i, j) on

the discretised grid (its neighbour (x+h, y) becomes (i+1, j) for small changes h, k in the x, y directions), one solves

for T (i, j) by considering the T values at four immediate neighbours (i + 1, j), (i − 1, j),(i, j + 1),(i, j − 1)

We used a first order difference scheme given by

[
max(D−x

ij T, 0)2 + min(D+x
ij T, 0)2 + max(D−y

ij T, 0)2 + min(D+y
ij T, 0)2

]1/2
=

1
Fij

, (11)

where we use the shorthand notation

D+x
ij =

T (x + h, y) − T (x, y)
h

and D−x
ij =

T (x, y) − T (x − h, y)
h

.
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For normal ‘healthy’ myocardium, we set the unit propagation speed F (x, y) = 1 everywhere on the domain, and we

propagate a plane wave front from left to right from the line x = −1. We then consider the wavefront as it passes

through some slower conducting obstacles. Results for three cases are shown below:

2.2.1 One slow conducting obstacle f(x, y) = 4

We propagate a wavefront towards a 40×40 square region with a slower conduction speed of F = 1/4. As shown in

Figure 7, the wavefront splits in two to pass around the region and meets again after the obstacle, developing a shock

at the intersection of the two fronts. However, as the front continues to travel normal to itself, this shock smooths out,

and the planar wavefront is eventually recovered.
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Figure 7: A planar wavefront propagating from left to right passes through a slow conducting square region of f(x, y) = 4. The
wave fronts that go around the region meet and form a shock, which gradually dies out as the wave continues to propagate.

2.2.2 Two lines of slow conduction f(x, y) = 4

Here, we propagate a wavefront through two staggered bands of slow conduction, both with f(x, y) = 4. Both have

size 20 x 80 and are aligned normal to the direction of travel.

As shown in Figure 8, the wavefront passes around the end of the first band and begins to diffract behind the band,

whilst still traveling as a planar wavefront in the region y < 0. As the wave travels along the back of the first band,
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Figure 8: A propagating planar wavefront from left to right encounters two bands of slower conduction and results in a diffraction
type wave pattern forming behind the bands.
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the rest of the wave which travelled through the band emerges and meets the diffracted wave, which gradually smooths

the resultant ’shock’ that forms at the point of intersection. In the meantime, the wave has started to diffract behind

the second band and we observe the same interaction and smoothing that occurs in the first band.

The impact of the two obstacles is to change the direction of the travelling wave in the domain of interest, which

may have implications on the path that a propagating electrical wave would take when it encounters diseased tissue.

2.2.3 Three lines of slow conduction f(x, y) = 4

Finally, we propagate the wavefront through three narrow bands of slow conduction, with the third band being

smaller in size (20 x 40 grid points) than the previous two. In Figure 9 we see that the third band interacts with a

non-planar wavefront which is no longer parallel to the band. Thus we note that the wave travelling through this band

will re-emerge at different times depending on on y. Due to this and the non-planarity of the wave that travels ’around’

the band, the diffraction pattern immediately behind the third obstacle appears qualitatively different to the one behind

the first obstacle, as it has a different direction of travel.
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Figure 9: A planar wavefront propagating from left to right is affected by the presence of three slowly-conducting obstacles.
The obstacles impact on the direction of the travelling wave, and results in non-planarity which may lead to the onset of atrial
fibrillation.

It appears that within a homogeneous, excitable medium, a small slow-conducting obstacle would have little global

effect on the direction and shape of a propagating wavefront, but the existence of multiple slow-conducting bands at

different spatial locations would severely impact on the direction and planarity of the wavefront, and may help to explain

some of the multiple wavefront phenomena within the atria as observed in the clinic. However, these simulation results

have not been validated properly and there may be numerical errors in the solution, due to the coarse grid spacing or

the choice of a first order difference scheme. These would need to be investigated further before we can make firm

conclusions about the effect of slowly conducting obstacles in excitable media.

So far we considered obstacles of either zero or slow conductivity on an otherwise homogeneous two-dimensional

domain. Next, we focus on how the geometry of an obstacle can affect the wave propagation.
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2.3 Curvature of obstacles

Consider the Fitzhugh-Nagumo (F-H) system of equations in two spatial dimensions defined by

∂u

∂t
= ∇ ∙ (Du∇u) + u(a − u)(u − 1) − w + Ia (12)

∂w

∂t
= bu − γw, (13)

where u(x, y) is the membrane potential which diffuses at a rate defined by the diffusion tensor Du and w(x, y) is a

recovery variable (representing ion channel activity). This model is described in more detail in [Mur02]. Here a, Ia, b

and γ are all positive constants. We will consider solutions to this system of equations for which a potential wave is

incident on a number of spatially consecutive non-conducting (e.g. ablated) regions in which u = v = 0 for t > 0.

Two cases for the ablated regions will be considered: bounded unsmooth regions (approximated by squares); and

bounded smooth regions (approximated by circles). We consider the domain Ω ∈ [Lx × Ly], where Lx is the length in

the x-direction and Ly the length in the y-direction. Boundary conditions on and in the region are defined to be

u(−Lx, y, t) = u0,
∂u(x,Ly,t)

∂x = 0,
∂u(x,−Ly,t)

∂x = 0, ∂u(Lx,y,t)
∂y = 0 (14)

w(−Lx, y, t) = 0, w(x, Ly, t) = 0, w(x,−Ly, t) = 0, w(Lx, y, t) = 0 (15)

and the initial conditions are
u(x, y, 0) = 0 and w(x, y, 0) = 0. (16)

We consider isotropic diffusion such that

Du = D

(
1 0
0 1

)

. (17)

For the ablated regions Neumann zero-flux conditions hold on the boundary of each region.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 10: The spatiotemporal variation in u(x, y) when a 2-D potential wave is incident on a series of evenly spaced sharp
edged (square) objects at various time points: (a) 150s; (b) 300s; (c) 320s; (d) 450s; (e) 550s; and (f) 750s.
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The F-H model can exhibit a number of steady-states dependent upon model parameters values. We have selected

values (as guided by [Mur02]) such that the model exhibits three steady-states, two of which are stable and one of

which is unstable. This allows us to generate a potential wave through the region of interest with appropriate initial

conditions. The values used in our simulations are as follows: D = 1 × 10−3m2/s, a = 0.25/s, Ia = 0, b = 2 × 10−3

and γ = 2 × 10−2. For simplicity we have taken the initial condition to be u0 = 1 Volt. Numerical solutions to the

model were obtained using the finite element package COMSOL (COMSOL, Sweden).

Figure 10 demonstrates the spatiotemporal variation in u(x, y) as a potential wave is incident upon a series of sharp

ablated areas (in this case squares). The profile of w(x, y) mirrors that of u(x, y) and is not shown here. As can

be seen, a potential wave is generated at the left end of the region. As it becomes incident on the array of square

ablated subregions the wave breaks down due to the sharp corners of the ablations slowing the wave front in these

areas (Figure 10(c)). These slowed regions can not keep up with the front of the wave and eventually dissipate. As the

wave continues to travel forward it attempts to spread and re-form across the region in the y-direction, but is impeded

by each ablated subregion it comes into contact with (Figures 10(d) and (e)). Once the wave has moved past all the

ablations it re-forms and continues on as shown in Figures 10(g) and (h).

When we considered the incidence of a wave on a series of smooth objects (circles) a different picture emerged as

shown in Figure 11. The curvature of the ablations slows the wave fronts in those areas, but not considerably, as in the

square case, so that the wave front is slowed, but the segments into which it is broken move forward at approximately

the same speed (see Figure 11(d) and (e)). The wave quickly reforms once it has passed the ablations as shown in

Figure 11(g).

These results are particular for the simple two-dimensional geometries chosen. Future work could include more

complex geometries such as curved surfaces representing the entrance to the pulmonary veins.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 11: The spatiotemporal variation in u(x, y) when a 2-D potential wave is incident on a series of evenly spaced smooth
edged objects circles at various time points: (a) 150s; (b) 300s; (c) 320s; (d) 450s; (e) 550s; and (f) 750s.
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3 Macroscopic scale analsyis of the effective speed of the signal

Myocardial cells are long compared to their width. They are arranged in layers and, within a layer, the cells are

orientated approximately uniformly. The cells have gap junctions on their narrow ends (known as the intercalated discs),

which allow electrical signals to propagate rapidly from one cell to the next. There are relatively few gap junctions on

the sides of the myocardial cells, and this results in a preferred direction for propagation of the electrical signal.

In this section we develop a mathematical model of the cell-to-cell propagation in order to investigate the speed of

propagation of the signal on the macroscopic scale. We model a flat layer of cells in the (x, y)-plane, treating them

as polygons with each edge parallel to the x-axis or the y-axis. The cells tend to have a large aspect ratio: their

average length L in the x-direction is much greater than the average width W in the y-direction. We assume there

are gap junctions only on the cell edges parallel to the y-axis, and that the signal can only propagate where there are

gap junctions. We also assume the time taken for the signal to traverse each intercalated disc is constant, and we

neglect the time taken for it to go through the cell. Since signals pass through edges in the direction of increasing or

decreasing x, we anticipate the velocity of propagation is fastest near the x-direction and slowest near the y-direction.

In this section we investigate the dependence of the propagation speed upon the direction of propagation by considering

several different periodic arrangements of the cells.

Lattice 4

L

L

W

h

W

h

L

h

W

L

W

h

W

L

Lattice 1

Lattice 2

Lattice 3

Lattice 5

Figure 12: Sketches of the lattices considered. The thick edges are those containing the gap junctions. The signal may only
propagate across these edges. The cross marks the position of the origin in the (x, y)-plane.
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3.1 Lattice structures

The periodic arrangements of cells we considered are shown in Figure 12. We take each lattice in turn and calculate

the time taken for the signal to propagate through many cells from the origin to the point x = r cos θ, y = r sin θ,

where r � L is assumed. From this we may calculate the effective speed of propagation veff(θ) in the direction θ.

• Lattice 1

In this lattice any cell is either centred at the point (mL, 2nW ) and denoted by Cm,2n or at ((m + 1
2 )L, (2n + 1)W )

and denoted by Cm,2n+1, where m,n∈Z. The signal can propagate directly from cell Cm,2n to the six surround-

ing cells Cm±1,2n, Cm,2n+1, Cm−1,2n+1, Cm,2n−1 and Cm−1,2n−1 and from the cell Cm,2n+1 to the six cells

Cm±1,2n+1, Cm,2n+2, Cm+1,2n+2 Cm,2n and Cm+1,2n. For the signal to propagate from (0, 0) to (x, 0) the

minimum number of intercalated discs crossed must be the nearest integer to x/L, which we denote [x/L], and

so the time taken is tg[x/L] and the speed is L/tg as x → ∞. Now assume θ is in the range [0, π/2] and consider

the route that starts by visiting cells C0,1, C1,2, C1,3, . . . (centred at ( 1
2L,W ), (L, 2W ), (3L/2, 3W ), . . . ) until

the correct y coordinate is reached. This crosses [y/W ] intercalated discs and finishes at the point (Ly/(2W ), y).

If x ≥ Ly/(2W ), equivalently θ ≤ tan−1(2W/L), then a possible quickest route is to do this followed by travelling

in the x-direction, requiring a further [(x − Ly/(2W ))/L] crossings. Thus the total time is

tg

([ y

W

]
+
[ x

L
−

y

2W

])
, (18)

and the effective velocity as r → ∞ is

veff =
1

tg(cos(θ)/L + sin(θ)/(2W ))
. (19)

However, if tan−1(2W/L) < θ ≤ π/2, we must cross at least [y/W ] intercalated discs to reach the correct

y-coordinate, and by choosing to increase or decrease x as required, we may obtain the correct x-coordinate.

Hence the time needed is tg[y/W ] and veff = W/(tg sin θ) as r → ∞. Propagation speeds in the other quadrants

may be obtained similarly, and we find

veff =






1
tg(| cos θ|/L + | sin θ|/(2W ))

if |tan θ| ≤ 2W
L ,

W

tg| sin θ|
if |tan θ| ≥ 2W

L .
(20)

A graph of the speed obtained is shown in Figure 13. The speed is maximised at θ = 0, π and minimised at

θ = π/2, 3π/2, so the fastest propagation is in the x-direction and the slowest in the y-direction as anticipated.

• Lattice 2

The cells are centred on the points (3mL/2, 4nW/3) and ((3m+1)L/2, (4n+2)W/3) for all m,n ∈ Z. If 0 ≤ θ ≤

tan−1(9L/(8W )) then to traverse a distance of 3L/2 in the x-direction (the period of the repeating pattern), the

signal only needs to cross two intercalated discs. Thus the number of intercalated discs is approximately 4x/(3L)

and the effective speed of propagation is veff = 3L/(4tg cos θ). For larger θ, consider that the increment in y per

crossing is 2W/3 so the signal must cross at least approximately 3y/2W intercalated discs. Hence the effective

velocity is veff = 2W/(3tg sin θ). Extending over all quadrants

veff = min

(
3L

4tg| cos θ|
,

2W

3tg| sin θ|

)

. (21)

This is shown in Figure 13. In this case the fastest speed is when θ = tan−1(8W/9L), although the variation

over 0 ≤ θ ≤ tan−1(8W/9L) is small.
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Figure 13: Propagation speeds in the different lattices using L = 1, W = 0.1, δ = 0.05 and h = 0.05. In each case the speed
when θ lies in the range [π, 2π] is the same as the speed in the opposite direction ( i.e. subtract π off the value of θ).

• Lattice 3

The cells are centred on (mL,nW ) for all m,n ∈ Z. If 0 ≤ θ ≤ tan−1(W/L) then the quickest route is via

(L,W ), (2L, 2W ), . . . until the correct level in y is reached followed by moving in the x-direction. A total of

[y/W ]+[x/L−[y/W ]] intercalated discs are crossed giving a speed veff = L/(tg cos θ). If tan−1(W/L) < θ < π/2

then [y/W ] intercalated discs need to be crossed, but if π/2 ≤ θ ≤ π then [−x/L] + [y/W ] intercalated discs

must be crossed. Similar arguments may be used in π ≤ θ ≤ 2π to obtain

veff =






L
tg| cos θ| if 0 ≤ tan θ ≤ W

L ,
W

tg| sin θ| if tan θ ≥ W
L ,

1
tg(| cos θ|/L+| sin θ|/W ) if tan θ ≤ 0.

(22)

In the first and third quadrants the behaviour is qualitatively similar to Lattice 2. However, there is no direct path

in the direction of the second and fourth quadrants, so the speed of propagation is slower in these directions.

Let us extend this by assuming that the region (m + 1
2 )L ≤ x < (m + 1 + 1

2 )L is offset by a distance mδ in the

y-direction. Thus the cells are now centred at (mL,nW + mδ). Without loss of generality −W + h < δ < h.

The time taken for the signal to reach the cell centred at (x, y + δx/L) is the same as the time taken to reach

the cell (x, y) in the case δ = 0. Thus we can transform the domain to obtain the effective speed

veff =






L
tg| cos θ| if δ

L ≤ tan θ ≤ W+δ
L ,

W
tg(| sin θ|−δ| cos θ|/L) if tan θ ≥ W+δ

L ,
WL

tg|L sin θ−(W+δ) cos θ| if tan θ ≤ δ
L .

(23)

This is shown in Figure 13, which illustrates the asymmetry in the line θ = π/2 (the graphs for Lattices 1 and 2

are symmetric in this line). The maximum velocity is obtained when θ = tan−1((W + δ)/L).

Now suppose the regions (2m + 1
2 )L ≤ x < (2m + 1 + 1

2 )L contain the reflection of what is currently there (with

a displacement in the y-direction) whilst the other regions (2m − 1
2 )L ≤ x < (2m + 1

2 )L are unchanged. As long

as the pathways between the cells (0, nW ) and (2, nW ) are unchanged, this problem will have the same solution

(23), since we may consider the same cell–cell transitions. We will return to these ideas later.
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• Lattice 4

The cells are centred at the points ((m−n/2)L,mh+n(W −h)), which we call cell Cm,n. There are connections

between the cell Cm,n and the four cells Cm±1,n and Cm,n±1. The signal reaches cell Cm,n at time tg(|m|+ |n|).

Therefore

veff =
L(W − 1

2h)
tg(|(W − h) cos θ + 1

2L sin θ| + |h cos θ − L sin θ|)
. (24)

This is shown in Figure 13, which also shows asymmetry in the line θ = π/2. The maximum speed is obtained

when θ = tan−1(h/L) and it is significantly greater than the speed at θ = 0 (if h/L � 1 then it is approximately

1/3 as big again).

• Lattice 5

In this case the cells are at (mL, 2nW ) and ((m+ 1
2 )L, (2n+1)W with connections between a given cell and the

six cells surrounding it. This is topologically equivalent to lattice 1.

3.2 Comparison of the solutions

Under our assumptions, we showed that in each case the macroscopic signal propagates in all directions with a speed

depending only on the direction. The speed depends on the layout of the cells on the microscale and the topology of

the intercalated disc connections between them.

In reality the cells are not laid out periodically and their shapes are not exact polygons. For simplicity we assume

that there is no anisotropy other than the orientation of the cells and the preference for the signal to pass through the

ends rather than the sides of the cell. Thus the velocity of propagation should be symmetric in θ 7→ −θ and θ 7→ π− θ.

Therefore lattices such as 3 and 4, which have an inherent directional bias are not allowed.

Given the multi-faceted nature of the myocardial cells seen in images of the tissue, it seems reasonable that the cells

are connected to all their nearest neighbours by gap junctions, which is the case in lattices 1 and 5. This is consistent

with the fact that all lattices predict a critical angle θ0 with a qualitatively different shortest path for the signal for

θ < θ0 and θ > θ0. The explanation of this is as follows: suppose that the signal starts at the cell with centre (x0, y0)

and that a shortest path to the cell of interest is through cells (x1, y1), (x2, y2), . . . (xN , yN ), where (xN , yN ) is the

centre of the cell of interest. For sufficiently small positive angles θ = tan−1((yN −y0)/(xN −x0)) the shortest path has

x0 < x1 < x2 < ∙ ∙ ∙ < xN and therefore the rate-determining factor is the lengths xi − xi−1 that the signal traverses

in each step. On the other hand for large angles, the critical determinant of the time taken is how many transitions the

signal has to make between cells in the y-direction.

It would therefore be possible to conceive other lattices by constructing them in terms of their topological connections.

This is done for the lattices in Figure 14. Lattices 1, 2, 3 and 5 have similarities in that each cell is connected to its

six nearest neighbours. The velocity of propagation in the six special directions towards the nearest neighbours is found

easily and that for directions between two of the special directions is found by considering shortest routes that take a

combination of steps in the two special directions. Thus the speed in Lattices 1, 2, 3 and 5 has six different regimes in

θ, see Equations (20), (21) and (22). In Lattice 4 each cell is only connected to four of its nearest neighbours, which

leads to a qualitatively different solution. However, as mentioned earlier, this lattice has neighbouring cells that are not

connected by gap junctions, which seems unlikely.

Additionally enforcing the requirement of symmetry in the x- and y-axes means that the only two possibilities for

lattices with four nearest neighbours would be Lattices 6 and 7 (see Figure 14). However, the only example we could
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Lattice 8

Lattice 6Lattices 1 and 5 Lattice 2

Lattice 3

Lattice 4

Lattice 7

Figure 14: Topological structure of the lattices depicted in Figure 12 with cells denoted by solid circles and gap junction
connections by lines connecting them. Additional lattices 6, 7 and 8 are postulated for discussion purposes.

find for lattice 6 seems to require four cells to meet in the configuration, which seems non-generic. Lattice 7 seems to

be impossible to realise, as does Lattice 8 in which each cell is surrounded by eight nearest neighbours. Therefore it

seems that, in a regular lattice, each cell should have six neighbours in the lattice, although in real life, some cells may

have different numbers of neighbours, but perhaps it is the mean number of neighbours that should be six.

3.3 Discussion

We have used a lattice model to make predictions about the macroscopic velocity that will be observed as the signal

travels over the surface of the atrium and showed that the macroscopic velocity depends significantly on the layout of

the cells at the microscale. We made many assumptions, including:

1. Crossing the intercalated discs is the rate-determining step in the propagation of the signal, and the time to

propagate within a cell is negligible compared to this.

2. Gap junctions exist only on the intercalated discs of cells (which are parallel edges within a layer) and the signal

can only propagate from cell to cell through gap junctions.

3. A periodic lattice model with every cell connected in the same topological way predicts qualitatively realistic

estimates of the speed.

4. The speed is symmetric about the preferred orientation of the cells, that is a clockwise change in propagation

direction of the signal away from the orientation of the cells produces the same effect as an anticlockwise change.

With these assumptions the only possible lattices are topologically equivalent to one of Lattices 1, 2 and 5. Assumptions 1

and 2 can be relaxed if necessary by extending the model. Assumption 3 can be relaxed by considering more complicated

networks of interactions. However, in many case, these more complicated networks are equivalent to a simpler one,

because they consist of groups of many cells that are linked in the same topological way as the simpler model. The

final assumption 4 has already been generalised by the consideration of some asymmetric lattices.
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4 One sheet with regions of different orientations

We now consider the problem of a tissue monolayer with two regions of different cell orientation. Figure 15 is a

schematic representation of the geometry. The domain is split into two regions (Ω11 and Ω12) of different orientation.

The orientation in Ω11 is chosen to be in the direction that is 45◦ to the horizontal axis, whereas that in Ω12 is in a

direction perpendicular to that. A signal originates from the source Ω1S positioned in both regions. In addition, an

obstacle Ω1A has been added in the second region to examine effects of ablated regions.

Ω1S

∂ Ω1

Ω1A

∂ Ω1A

Ω11

Ω12

Figure 15: A schematic representation of the setup for the problem of a monolayer of tissue with two different orientations. The
potential source is contained within region Ω1s where the ablated region is represented by Ω1a. In these regions potential waves
can not propagate. In the remaining regions (Ω11 and Ω12) potential waves are free to propagate.

The signal propagation is then modelled numerically in the following way. Consider a Fitzhugh-Nagumo system of

equations

∂u

∂t
= ∇ ∙ (Du∇u) + u(u − a)(u − 1) − w + Ia (25)

∂w

∂t
= bu − γw, (26)

where u and w are the action potential and channel density in the tissue layer.

We further assume the diffusion of the potentials is different in the upper and lower half of the sheet. This is

governed by the anisotropic diffusion tensor

Du=






D

(
1 + ε 1 − ε
1 − ε 1 + ε

)

in Ω11

D

(
1 + ε −(1 − ε)

−(1 − ε) 1 + ε

)

in Ω12

, (27)

where D and ε are constants. All other constants are assumed to have the same values as detailed in Section 2.3 and

ε = 1 × 10−3. In addition, given that waves can not propagate in region Ω1A we have that

u = 0 and w = 0 for t > 0 in this region. (28)

We prescribe Neumann boundary conditions in both u and w on the boundary (∂Ω1) of each tissue layer and on

∂Ω1A. Continuity in the first spatial derivatives of u and w are assumed across the interface between Ω1A and Ω12.

Finally, we define the initial conditions of our model by prescribing a potential source in Ω1S such that

u = 1 Volt. (29)
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Figure 16 shows solutions to u(x, y) at different time points. The wave propagates at 45◦ to the horizontal - a result

of the anisotropic diffusion tensor. On coming in to contact with the ablated area the wave propagation is slowed due to

curvature effects. This is somewhat dramatic in this example given the width of the wave is approximately proportional

to the width of the ablated region.

(a) (b)

(c) (d)

(e) (f)

Figure 16: The spatiotemporal variation in u(x, y) (the first tissue layer - Ω11∪Ω12) for an initial potential source at the centre of
the sheet. The ablated region is the white circular area in the lower half of the sheet. Here diffusion is assumed to be anisotropic
in the upper and lower halves of the sheet, respectively, as described by equation (27). Solutions shown here are at the following
times: (a) 0s; (b) 80s; (c) 120s; (d) 200s; (e) 280s; and (f) 360s.
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5 Signal propagating through two sheets of myocardium

The aim of this section is to investigate the effect of the different layers upon the propagation of the signal over the

surface of the atria.

5.1 Modelling the interaction between two sheets using a time delay

We define Cartesian coordinates (x, y) with the x-axis orientated along the long axis of the myocardial cells. We

assume that the signal propagates with speed u in the x-direction and with speed v < u in the y-direction. For simplicity

we assume that the signal propagates in such a way that the locus of points it reaches at a fixed time is an ellipse.

This is a good approximation to the lattice problems considered in Section 3.1 and the similar behaviour can be seen in

Figure 17. Thus, for elliptic propagation, the speed in the direction θ is

veff =
1

√
cos2(θ)/u2 + sin2(θ)/v2

. (30)

We assume that there is also a second layer of cells that are orientated at right angles to the first layer. Therefore the

effective speed of propagation in this layer is

veff =
1

√
cos2(θ)/v2 + sin2(θ)/u2

. (31)

The layers are weakly coupled. Suppose that the signal starts from (0, 0) on the first layer at time 0 and that it incurs

a time penalty t0 whenever it transfers from one layer to the other.

0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
0

0.2

0.4

0.6

0.8

1

θ

v ef
f

 

 
Lattice 1
Lattice 2
Ellipse

Figure 17: Propagation speeds in the two symmetric lattices 1 and 2 using L = 1, W = 0.1 compared with propagation speed
assuming the spreading is in ellipses.

Consider the cells along or near the y-axis. For small values of y, the signal that first reaches these cells will come

directly from the source along the y-axis travelling at speed v, and will arrive at time y/v. On the other hand, for cells

that are further away, it is more efficient for the cell to transfer to the other layer and propagate in the quick direction

on that layer at speed u and transfer back, arriving at time y/u + 2t0. The transition point is y0 = 2t0uv/(u − v); for

y < y0 it is quicker to travel directly, but for y > y0 it is quicker to transfer to the other layer.

This effect is apparent in Figure 18(a), in which the time for the signal to reach different parts of the layer are shown.

Figure 18(b) shows the time taken to reach different parts of the second layer, and the crossing point for the shortest
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Figure 18: Model of a layer of myocardial cells, showing the time taken for the signal to reach different points, with u = 1,
v = 0.2, t0 = 0.5. (a) and (b) Time taken for the signal to reach points in the first and second layers respectively. The dotted
curve in (a) shows the boundary between the region in which the shortest path involves no crossings and that in which two
crossings are made. (c) and (d) x- and y-coodinates respectively of the crossing point for the shortest path to reach a point in
the second layer.

path is also shown. Note that for the shortest path to a point on the second layer the signal will make a transition from

the first to the second layer exactly once. This would not necessary be the case if the layer were inhomogeneous. For

the shortest path to a point on the first layer, the signal makes either 0 or 2 crossings between the layers. The boundary

between the regions is shown by the dotted curve in Figure 18(a); below the curve, the signal goes directly to the point,

and above the curve the shortest path visits the second layer. When the signal propagates through the original layer

only, the contour lines of arrival time are ellipses (by assumption), and this can be seen in Figure 18(a).

In the second layer the quickest route to the point (x, y) is symmetric in the x- and y-axes and also in the line y = x

(because the propagation properties in the two surface are related by a reflection in y = x, and thus the contours have

8-fold symmetry. Similarly the contours in the first layer that lie above the dotted curve also have 8-fold symmetry

(since in this region the time taken equals the time time taken to reach the same point in the second layer plus the

time delay t0). Figures 18(c) and (d) show the crossing points for the shortest path to reach the second layer. In the

limit u/v → ∞, the crossing point tends to the point (x, 0), while in the limit u/v → 1 the optimal crossing point can

lie anywhere on the line joining (0, 0) and (x, y). In the example shown in Figure 18, the values in (c) and (d) are quite

near the values in the limit u/v → ∞.
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5.2 Two interconnected layers of cardiac tissue

We now consider the problem of two interconnecting layers of tissue numerically. Potential waves are generated in

Ω1S in the upper tissue layer, and we wish to examine how their propagation through both layers is affected by the

ablated region given by Ω1A∪Ω2A. A schematic representation of our problem is shown in Figure 19. We have assumed

each layer is a bound region of size Ω ∈ [Lx × Ly], as was the case in the previous section.

Ω1S

∂ Ω1

Ω1A

∂ Ω1A

Ω11

Ω12

(a)

∂Ω2

Ω2 A

∂Ω2 A

Ω21

Ω22

(b)

Figure 19: A schematic representation of the setup for the problem of two interconnected layers of tissue. The potential source
is contained within region Ω1s in (a) where the ablated region is represented by Ω1a. In the secondary tissue layer shown in (b)
the ablated region is denoted by Ω2a. In both these regions potential waves can not propagate. In the remaining regions (Ω1 and
Ω2) potential waves are free to propagate.

The problem is defined as follows:

∂u1
∂t = ∇ ∙ (Du∇u1) + u1(u1 − a)(u1 − 1) − w1 + Ia

∂w1
∂t = bu1 − γw1

∂u2
∂t = ∇ ∙ (Du∇u2) + u2(u2 − a)(u2 − 1) − w2 + Ia + K(u1 − u2),

∂w2
∂t = bu2 − γw2

in Ω11 ∪ Ω12

in Ω21 ∪ Ω22

(32)

where ui and wi (i ∈ (1, 2)) are the action potential and channel density in tissue layers 1 and 2, respectively. The

equations for Ω1 therefore decouple and the result is the same as in Figure 16. The second sheet is affected by the first

by the linear term K(u1 − u2) in Equation 32.

We further assume the diffusion of the potentials in each layer is different in the upper and lower half of the sheet.

In each sheet this is governed by the anisotropic diffusion tensor

Du =






D

(
1 + ε 1 − ε
1 − ε 1 + ε

)

in Ω11 ∪ Ω21

D

(
1 + ε −(1 − ε)

−(1 − ε) 1 + ε

)

in Ω12 ∪ Ω22

(33)

and Ω12 and Ω22, where D and ε are constants. We have taken K = 1/s in the work which follows.

Given that waves can not propagate in regions Ω1A and Ω2A we have that

ui = 0 and wi = 0 for t > 0 in Ω1A ∪ Ω2A . (34)

We prescribe Neumann boundary conditions in both ui and wi on the boundaries (∂Ωi) of each tissue layer and on

∂ΩiA. Continuity in the first spatial derivatives of u1 and w1 are assumed across the interface between Ω1A and Ω1.

Finally, we define the initial conditions of our model by prescribing a potential source in Ω1S such that

u1 = 1V. (35)
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The propagation of w1, u2 and w2 are similar to that u1 and thus results are not shown as it is qualitatively similar

to the solution for the one sheet discussed in Section 4. After we had done this preliminary work we realised that there

should be another term in Equation 32 leading to the equation

∂u1

∂t
= ∇ ∙ (Du∇u1) + u1(u1 − a)(u1 − 1) − w1 + Ia + K(u2 − u1) (36)

The new term K(u2 − u1) represents the effect of the signal in layer 2 on the signal in layer 1. We will include this in

future work.

In this work, the coupling between the two layers has been assumed to be quite strong. In future work it would be

interesting to analyse the effect that different couplings strengths and expression forms had on the potential propagation

in the second sheet.

6 Conclusion

During this study group, we considered a variety of simple problems within the area of cardiac electrophysiology.

These problems were based on understanding electrical action potential propagation in one or two mono-layers of

myocardium, with additional complexities such as anisotropy or presence of slow-conducting or non-conducting obstacles.

We discussed and used several known mathematical models when considering these problems - notably the Fitzhugh

Nagumo and Eikonal equations, while we also used a lattice model to model propagation through sheets of cells. With

each model we attempted to compute both analytical and numerical solutions to our problems. These generated several

interesting results, such as the importance of obstacle curvature and spacing on the successful propagation of an action

potential.

Many of the results generated here were encouraging and generated lengthy discussions with both problem proposers.

However the short duration of the study group restricted the depth in which we could review the relevant literature and

investigate the complexities of the problems to be solved. For example, in the analytical solution to the Eikonal equation

for waves propagating around two circles, it was concluded that we would require further analysis to understand the

structure of the resultant shock and how it affects the evolution of the waves. We also decided during the study group

not to study the ‘bi-domain’ equations which are currently the accepted gold standard for modelling cardiac electrical

propagation.

Another extension might be to develop and validate numerical code to solve simple propagation models in a non-

planar geometry, which would be of extreme interest to the problem proposer.

Thus we believe several further follow up meetings would be useful to identify some directions for extra research,

and to continue with ongoing discussions which took place during and just after the study group.

We are grateful for Professors Darryl Holm and Nicholas Peters for presenting this problem and for their insightful

comments during the course of the week and subsequent follow up discussions.
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