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1 Introduction

Diabetic retinopathy is the commonest cause of blindness in people of working

age, and is a direct consequence of raised blood glucose levels. Tight blood

sugar control prevents diabetics from developing this complication. The initiating

feature is an abnormally high blood sugar level, but most clinical features of the

disease are related to breakdown of the blood-retinal barrier. While there is a

good understanding of how blood-retinal barrier breakdown occurs, it is not clear

what role high blood sugar levels play in the initial phases, nor why breakdown

of the blood-retinal barrier should lead to retinal damage. An understanding of

retinal glucose metabolism could provide clinically relevant insight into the links

between the different processes.

The blood-retinal barrier consists of neurons (excitable cells in the nervous

system), intercellular space (ICS ), glial cells (which provide, for instance, nu-

trition and physical support to the neuronal cells), and blood vessels. In what

follows, we adopt a compartmental approach, considering the reactions within

each of these tissues, and also the transportation of chemicals between them.

Figure 1 shows the details of the chemical reactions taking place in the glial

and neuronal cells.

The fact that diabetic retinopathy is caused by raised blood glucose suggests

that blood glucose levels may perturb the level of intermediates in the network,

causing an accumulation of one or more of these intermediates. It follows that

reducing the activity of one step in the pathway may restore the network to a

more physiological state.

The late effect of diabetic retinopathy is the breakdown of the blood-retinal

barrier, which tends to fix the concentrations of key metabolites in the extracel-

lular space, and thereby interferes with their shuttling between cell types. This
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Figure 1: A shematic diagram of the biological system to be modelled. We

present details of the mitochondrial and cytosolic chemical reactions in the glia

and neurons, and the transport of chemicals between blood vessels, glia, ICS and

neurons.
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again raises the question as to whether an appropriate inhibitor could also restore

the network under this condition to a healthier state.

Our aim was to formulate and solve a network model of retinal metabolism.

We then wish to investigate the impact of raised blood glucose and of blood-

retinal barrier breakdown (both separately and together) on the network.

Two alternative modelling approaches were proposed for modelling retinal

metabolism: a reaction kinetic approach, based on standard ODE modelling,

and a thermodynamic approach based on the equilibrium properties of reactions.

We chose to progress the modelling using both approaches simultaneously. Sec-

tion 2 gives an ODE model of retinal metabolism, and our progress using the

thermodynamic approach is described in section 3. Section 4 gives a comparison

between the two approaches, and finally we draw conclusions and state ideas for

future work in section 5.

2 ODE Approach

2.1 Compartmental Model of Retinal Metabolism

The full system of reactions described in section 1 is complex, involving an ex-

tremely large number of variables. Therefore, our first task in this section is to

simplify the system, to capture the most important behaviours whilst also re-

ducing the system to a tractable model containing a smaller number of species.

We then explain how we found numerical solutions to the system and the results

obtained.

The simplified system is shown in figure 2. Ri (i = 1...15) represent the chem-

ical reactions. Note that reactions R11 and R12 require ATP, and R10 consumes

1 ATP molecule.

4



Glial cells are fuelled by glucose which diffuses in from the bloodstream. Once

in the glia, this glucose may be converted to 31 ATP molecules through aerobic

respiration, it may undergo glycolysis to produce glutamate plus 9 ATP molecules,

or it can diffuse into the ICS. The balance between these processes is determined

by the levels of glucose in the glia and ICS, the amount of ADP and ATP in the

glia and the level of glial glutamate. Glial glutamate is converted to glutamine,

which is released into the ICS. Glucose and glutamine travel to the neuronal cells

by diffusion. Reaction R14 represents the work done by the glial cells, consuming

ATP.

In the neurons, glucose is again converted to 31 ATP molecules (respiration)

and glutamine is converted to glutamate, which consumes 1 ATP molecule. Glu-

tamate can be used to produce 20 ATP molecules, or is released into the ICS,

which requires ATP. Neuronal cells also do work, consuming ATP, represented

by reaction R15.

Finally, glial cells absorb ATP from the ICS, requiring ATP.

The simplified system demonstrates the following features: when the neurons

fire they release the neurotransmitter glutamate to communicate with each other.

This glutamate is then taken up by the glial cells, and this regulates the glutamate

level in the ICS at any particular time. Additionally, work is done by the glial

and neuronal cells (reactions R14 and R15). We also wish to consider the effect

of the glucose concentration on the system.

Two alternative modelling approaches were proposed for modelling retinal

metabolism: a reaction kinetic approach, based on standard ODE modelling,

and a thermodynamic approach based on the equilibrium properties of reactions.

We chose to progress the modelling using both approaches simultaneously. Sec-

tion 2 gives an ODE model of retinal metabolism, and our progress using the

thermodynamic approach is described in section 3. Section 4 gives a comparison
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Figure 2: Simplified system of chemical reactions and transport through the

blood-retinal barrier, incorporating key features of the physiology such as neu-

ronal firing. We note that reactions R11 and R12 require ATP, and R10 consumes

1 ATP molecule.

between the two approaches, and finally we draw conclusions and state ideas for

future work in section 5.

Let G, T , N and A be the glucose, glutamate, glutamine and ATP concen-

trations respectively, with subscripts b, g, s and n denoting blood, glia, ICS and

neurons respectively, and let V denote a volume element.

Guided by the network model of retinal metabolism shown in figure 2, and

denoting by Ri (i = 1...15) the reaction velocities, we develop the following system

of ODEs for the dependent variables:
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In the glia:

Vg
dGg

dt
= R1 −R2 − VgR4 − VgR5, (2.1)

Vg
dTg

dt
= VgR5 − VgR7 +R12, (2.2)

Vg
dNg

dt
= VgR7 −R8, (2.3)

Vg
dAg

dt
= 31VgR4 + 9VgR5 − x1R12 − VgR14. (2.4)

in the ICS:

Vs
dGs

dt
= R2 −R3, (2.5)

Vs
dTs

dt
= R11 −R12, (2.6)

Vs
dNs

dt
= R8 −R9. (2.7)

In the neurons:

Vn
dGn

dt
= R3 − VnR6, (2.8)

Vn
dTn

dt
= VnR10 −R11 − VnR13, (2.9)

Vn
dNn

dt
= R9 − VnR10, (2.10)

Vn
dAn

dt
= 31VnR6 − VnR10 − x2R11 + 20VnR13 − VnR15. (2.11)

Motivated by the biology of retinal metabolism, the reactions rates R1 to R15 in

equations (2.1) to (2.11) are defined as follows (with explanations given below):

R1 = −h1 (Gg −Gb) , (2.12)

R2 = −h2 (Gs −Gg) , (2.13)

R3 = −h3 (Gn −Gs) , (2.14)

R4 = h4Gg

(
θ2

g

θ4 + θg

)
, (2.15)

R5 = h5Gg

(
θ2

g

θ2
5 + θ2

g

) (
1

T1/2 + Tg

)
, (2.16)
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R6 = h6Gn

(
θ2

n

θ6 + θn

)
, (2.17)

R7 = h7Tg, (2.18)

R8 = −h8 (Ns −Ng) , (2.19)

R9 = −h9 (Nn −Ns) , (2.20)

R10 = h10Nn

(
An

An +K10

)
, (2.21)

R11 = h11Nn

(
An

An +KA11

) (
Tn

Tn +KT11

)
, (2.22)

R12 = h12Ts

(
Ag

Ag +K12

)
, (2.23)

R13 = h13Tn

(
θ2

n

θ2
13 + θ2

n

)
, (2.24)

R14 = h14

(
Ag

Ag +K14

)
, (2.25)

R15 = h15

(
An

An +K15

)
, (2.26)

where hi, Ki, θi and T1/2 are parameter values and θg, θs and θn are given by

θ =
[ADP ]

A+ [ADP ]
∈ [0, 1]. (2.27)

Reaction rates R1 to R3, R8 and R9 concern the diffusion of glucose or glu-

tamine between two model compartments. For example, we assume that the rate

at which glucose diffuses from the bloodstream into the glia depends linearly on

the difference between the glucose concentration in the bloodstream and that in

the glia, so that in equation (2.12), R1 = −h1 (Gg −Gb), where h1 is a constant

rate. Similar arguments are used to develop expressions for R2, R3, R8 and R9.

Reaction rates R4 and R5 represent glial respiration and glycolysis respec-

tively. Therefore, R4 and R5 are proportional to Gg as both respiration and

glycolysis rely on the presence of glucose. The reaction rates are also dependent

on the levels of ADP. The functional forms of R4 and R5 have been chosen such
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that when θ is small (i.e. insufficient ADP is present (see equation (2.27))), R4

and R5 tend to zero because neither respiration or glycolysis can take place with-

out sufficient ADP present. For large θ (high ADP levels), R5 saturates but R4

does not, to reflect the dominance of respiration over glycolysis for high ADP

levels.

Note also that R5 has the prescribed dependence on Tg so that as glial gluta-

mate increases, the rate of glycolysis decreases, allowing respiration to dominate.

R6 represents respiration like R4 and thus has the same functional form.

R13 is similar to R5 in that saturation occurs at large values of θ. It also

depends linearly on the neuronal glutamate concentration.

R7, convertion of glutamate to glutamine in the glia, occurs at a rate propor-

tional to the glutamate concentration present, hence the linear dependence on

Tg.

R10 to R12 and R14 to R15 have similar functional forms. We take K10, KA11,

KT11, K12, K14 and K15 to be very small constant values. For instance, the rate

of reaction R10 varies very little with ATP levels unless the neuronal cells become

ATP-starved, in which case the rate tends to zero. Similar arguments apply for

the other reaction velocities.

The dependence of reactions R10 to R12 on sufficient ATP levels reflects the

fact that the neurons cannot fire unless they have sufficient energy.

Note that reaction R11 also depends on the neuronal glutamate concentration.

Again this rate is approximately constant with respect to the glutamate concen-

tration unless the concentration becomes too low, in which case the reaction rate

tends to zero, indicating that the neurons cannot release glutamate if none is

present.

Reactions R14 and R15 represent the work done by the glial and neuronal cells.

Providing enough ATP is present, the work done by the cells matches the demand
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for energy, which is approximately constant. If insufficient energy is present, the

cells cannot produce this work, reflected by rates R14 and R15 tending to zero.

We assume that, initially, the glial and neuronal cells contain the same amount

of glucose, and let this be some typical glucose concentration, G. We also assume

a small amount of ATP present in the glial and neuronal cells, to ensure the cells

are viable. Let all other concentrations be zero initially. We will show later that,

as Vs � Vg, we can make a quasisteady approximation for all concentrations in

the ICS, which means we will no longer need initial conditions for these quantities.

Thus we use the following initial conditions,

Gg(0) = G, Tg(0) = 0, Ng(0) = 0, Ag(0) = 0.1A,

Gn(0) = G, Tn(0) = 0, Nn(0) = 0, An(0) = 0.01A.

2.2 Nondimensionalised Model

We introduce dimensionless variables

Gg = GGg
∗ , Gn = GGn

∗ , Gs = GGs
∗ , Ng = NNg

∗ , Nn = NNn
∗ , Ns = NNs

∗ ,

Tg = T 1
2
Tg

∗, Tn = T 1
2
Tn

∗ , Ts = T 1
2
Ts

∗ , Ag = AAg
∗ , An = AAn

∗ , t = Vg

h1
τ ,

(2.28)

to nondimensionalise equations (2.1) to (2.11). Incorporating the reaction veloc-

ities Ri, and dropping the stars for convenience yields

dGg

dτ
= (Gb −Gg)+k1 (Gs −Gg)−k2Gg

(
θ2

g

θ4 + θg

)
−k3Gg

(
θ2

g

θ2
5 + θ2

g

) (
1

1 + Tg

)
,

(2.29)

dTg

dτ
= k4Gg

(
θ2

g

θ2
5 + θ2

g

) (
1

1 + Tg

)
− k5Tg + k6Ts

(
Ag

Ag + κ1

)
, (2.30)

dNg

dτ
= k7Tg + k8 (Ns −Ng) , (2.31)

dAg

dτ
= k9Gg

(
θ2

g

θ4 + θg

)
+k10Gg

(
θ2

g

θ2
5 + θ2

g

) (
1

1 + Tg

)
−k11Ts

(
Ag

Ag + κ1

)
−k12

(
Ag

Ag + κ2

)
,

(2.32)
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ε
dGs

dτ
= k1 (Gs −Gg)− k13 (Gn −Gs) , (2.33)

ε
dTs

dτ
= −k14Ts

(
Ag

Ag + κ1

)
+ k15

(
An

An + κ3

) (
Tn

Tn + κ4

)
, (2.34)

ε
dNs

dτ
= −k16 (Ns −Ng) + k17 (Nn −Ns) , (2.35)

dGn

dτ
= −k18 (Gn −Gs)− k̄19Gn

(
θ2

n

θ6 + θn

)
, (2.36)

dTn

dτ
= k20Nn

(
An

An + κ1

)
− k21Tn

(
θ2

n

θ2
13 + θ2

n

)
− k22

(
Ag

Ag + κ3

) (
Tn

Tn + κ4

)
,

(2.37)

dNn

dτ
= −k23 (Nn −Ns)− k24Nn

(
An

An + κ5

)
, (2.38)

dAn

dτ
= k25Gn

(
θ2

n

θ6 + θn

)
− k26Nn

(
An

An + κ5

)
+ k27Tn

(
θ2

n

θ2
13 + θ2

n

)
−k28

(
An

An + κ3

) (
Tn

Tn + κ4

)
− k29

(
An

An + κ6

)
.

(2.39)

where the θi are given by equation (2.27), and

k1 =
h2

h1

, k2 =
h4Vg

h1

, k3 =
h5Vg

h1T 1
2

, k4 =
h5GVg

h1T 2
1
2

, k5 =
h7Vg

h1

,

k6 =
h12

h1

, k7 =
h7VgT 1

2

h1N
, k8 =

h8

h1

, k9 =
31h4GVg

h1A
, k10 =

9h5GVg

h1AT 1
2

,

k11 =
h12T 1

2
x1

h1A
, k12 =

h14Vg

h1A
, k13 =

h3

h1

, k14 =
h12

h1

, k15 =
h11

h1T 1
2

,

k16 =
h8

h1

, k17 =
h9

h1

, k18 =
h3Vg

h1Vn

, k19 =
h6Vg

h1

, k20 =
h10NVg

h1T 1
2

,

k21 =
h13Vg

h1

, k22 =
h11Vg

h1T 1
2
Vn

, k23 =
h9Vg

h1Vn

, k24 =
h10Vg

h1

, k25 =
31h6GVg

h1A
,

k26 =
h10NVg

h1A
, k27 =

20h13T 1
2
Vg

h1A
, k28 =

h11x2Vg

h1AVn

, k29 =
h15Vg

h1An

,

κ1 =
K12

A
, κ2 =

K14

A
, κ3 =

K11

A
, κ4 =

K11

T 1
2

, κ5 =
K10

A
, κ6 =

K15

A
,

and

Vs

Vg

= ε.
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We assume that ε� 1 as the ICS volume is very much smaller than the volume

of the cells (i.e. Vs � Vg).

Taking the limit ε → 0, and rearranging, equations (2.33) to (2.35) reduce to

algebraic equations

Gs =
k1Gg + k13Gn

k1 + k13

, (2.40)

Ts =

k15

(
An

An + κ3

) (
Tn

Tn + κ4

)
k14

(
Ag

Ag + κ1

) , (2.41)

Ns =
k16Ng + k17Nn

k16 + k17

, (2.42)

and hence we can make a quasisteady state approximation for all concentrations

in the ICS.

The nondimensionalised initial conditions are,

Gg(0) = 1, Tg(0) = 0, Ng(0) = 0, Ag(0) = 0.1,

Gn(0) = 1, Tn(0) = 0, Nn(0) = 0, An(0) = 0.01.

2.3 Results

2.3.1 Time-Evolution of Metabolite Concentrations

The dimensionless model given by equations (2.29) to (2.32), (2.36) to (2.39)

and (2.40) to (2.42) was solved using Matlab Runge-Kutta ODE solver, ode45.

Example results are presented in figure 3, using arbitrary parameter values. Fu-

ture development of the model would incorporate more realistic parameter values

obtained from empirical data. The results reveal that all glial and neuronal

metabolite concentrations reach a steady state at long times. However, the peaks

in some of the variables suggest that there is an initial transient period over which

these metabolites evolve before reaching the steady state.

12



Figure 3: Example results of the model, with parameter values k1 = 1, k2 = 1,

k3 = 1, k4 = 1, k5 = 0.1, k6 = 1, k7 = 1, k8 = 3, k9 = 1, k10 = 1, k11 = 1, k12 = 1,

k13 = 1, k14 = 1, k15 = 1, k16 = 1, k17 = 1, k18 = 1, k19 = 1, k20 = 100, k21 = 10,

k22 = 10, k23 = 1, k24 = 100, k25 = 1, k26 = 1, k27 = 1, k28 = 1, k29 = 1, Gb = 1,

κ1 = 1, κ2 = 1, κ3 = 1, κ4 = 1, κ5 = 1, κ6 = 1, θ4 = 0.5, θ5 = 0.5, θ6 = 1, θ13 = 1.
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The glial glucose levels (Gg) monotonically decrease in time, as its consump-

tion by respiration (R4) and glycolysis (R5), outweighs the diffusion into the cell

from the bloodstream (R1).

Levels of glial glutamate (Tg) levels show an initial sharp increase, as gluta-

mate is produced by respiration, and taken into the glia from the ICS. This is

followed by a net decrease in glial glutamate because the raised glutamate level

causes reaction R7 (converting glutamate to glutamine) to dominate.

Glial glutamine also rapidly increases initially, since the increased glutamate

concentration causes a rise in the glutamine production rate (R7). The slight

decline in glial glutamine levels at later times is due to the slowing of glutamine

production (reaction R7) with the decreasing glutamate level, allowing the move-

ment of glutamine out of the glial cells (reaction R8) to dominate.

Glial ATP levels rise sharply with the rapid production by respiration and gly-

colysis. However, as the glucose levels reach a steady state, the rate of production

slows and the ATP consumption by cellular work (R14) dominates.

Similar explanations can be made for the time-evolution of neuronal metabo-

lite concentrations.

2.3.2 Uniqueness of Steady State Solution

In this section we show that the system of equations (2.29) to (2.39) has a unique

positive steady state solution. This suggests that the numerically calculated

solution (see section 2.3.1) is the only solution that the system allows (subject to

the model parameters).

Firstly, when we substitute the equations (2.40)-(2.42) into the system (2.29)

to (2.39) we get to a simplified model containing the equations for Gg, Tg, Ng,

Ag, Gn, Tn, Nn and An. To facilitate the analytical calculations we then assume

that in the reactions within these equations the nonlinearity is only evident for
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small values of the model variables, i.e.

θg � θi, i = 4, 5, 6, Aj � ki, Tj � ki, j = g, n, i = 1, 2, 3, 4, 5, 6. (2.43)

Setting the left-hand sides of these equations to zero, we arrive at a set of

11 simultaneous algebraic equations. Substituting all of these equations into

one, gives a polynomial for one of the model variables. In particular, using

substitution of all other variables from their respective equations, we arrive at a

quartic polynomial for Tg of the form:

αT 4
g + βT 3

g + γT 2
g + λTg + η = 0, (2.44)

where coefficients α, β, γ, λ and η are:

α = −h1h3h4γ2, (2.45)

β = h1h3h4(γ1 − γ2)− h1h3h5γ2, (2.46)

γ = h1h2h3γ1 + h1h3(h4 + h5)(γ1 − γ2)− h1h3h5γ2, (2.47)

λ = γ1h1h3h4 + h1h3h5γ1 + (γ1 − γ2)h3h7h11, (2.48)

η = h1h3h5γ1 −Gb. (2.49)

with the parameters hi, i = 1, 2, 3, 4, 5 and γi, i = 1, 2 functions of the model

parameters of the equations (2.29) to (2.39), i.e.

h1 = 1 + k1(1 +
k18

k18 + k6

)− k2, h2 = k1
6

k6 + k18

,

h3 = k18, h4 = k7,

h5 = k25k11, γ1 = h18(1−
k21

k23 + k8

) + k8θn,

γ2 = k8k25k11θn.

Estimates of realistic parameter values give α, β < 0 < λ, η, and γ may be

positive or negative. This is subject to h1 > 0, i.e. the parameter constraint

k2 < k1

[
1 +

k18

k6 + k18

]
+ 1.
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Subject to this constraint, there is one sign change within the coefficients of the

polynomial in Tg, regardless of the sign of γ. Therefore we apply Descartes’ Rule

of Sign to conclude that the polynomial in Tg has a unique positive solution. This

suggests that the system (2.29) to (2.39) has a unique physically realistic steady

state for Tg. Substituting this value of Tg into the algebraic equations for the

other variables, we deduce that there is a unique steady state for the model.

2.3.3 Variation of Steady State Metabolite Concentrations with

Blood Glucose Concentration

We know from section 1 that increasing the blood glucose level can eventually lead

to diabetic retinopathy, and we suspect that this may be due to an accumulation

of some chemical within the cells of the blood-retinal barrier. Therefore, we

choose to consider how the steady state metabolite concentrations vary with

blood glucose concentration, Gb, which is plotted in figure 4.

An increase in Gb causes a rise in glial glucose, which causes respiration and

glycolysis to occur more rapidly, thereby increasing levels of glial glutamate. This

leads to a higher rate of glutamine production, and a greater flux of glutamine

into the ICS. As Gb increases, glutamine diffusion begins to dominate over its

production, reducing the glial glutamine concentration. However, a sufficiently

high level of Gb allows glutamine production (reaction R7) to dominate once

more.

Glucose diffuses from the glial cells into the ICS, and then into the neurons,

which explains why the concentrations Gg, Gs and Gn show similar variations,

while Gn < Gs < Gg due to the fact that glucose concentrations in the various

compartments are diffusion limited. A similar principle applies to Ng, Ns and Nn.

Notice that the neuronal glutamine levels rapidly increase with an increase in Gb,
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Figure 4: Series of curves showing how the steady state concentrations vary with

blood glucose concentration, Gb. Parameter values k1 = 1, k2 = 1, k3 = 1, k4 = 2,

k5 = 0.1, k6 = 1, k7 = 1, k8 = 3, k9 = 1, k10 = 2, k11 = 1, k12 = 1, k13 = 1,

k14 = 2, k15 = 1, k16 = 1, k17 = 1, k18 = 1, k19 = 1, k20 = 100, k21 = 10, k22 = 10,

k23 = 1, k24 = 100, k25 = 1, k26 = 100, k27 = 1, k28 = 1, k29 = 1, κ1 = 1, κ2 = 1,

κ3 = 1, κ4 = 1, κ5 = 1, κ6 = 1, θ4 = 0.5, θ5 = 0.5, θ6 = 1, θ13 = 1.
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but then decrease to zero again. It would be interesting to find out whether this

sharp change is seen experimentally, and whether it is biologically relevant.

For small Gb, the neuronal glutamate concentration increases with increased

Gb, because reaction R10 speeds up with the ICS glutamine increase. However,

for higher values of Gb, it is balanced by reactions R11 and R13, which prevents

the neuronal glutamate concentration from growing any further. This represents

the glial regulation of the ICS glutamate levels as discussed in section 2.1.

The elevated level of neuronal glutamate causes the rate of R11 to increase.

However, the rate of reaction R12 also rises, until it is very close to balancing R11.

There is still a net increase in the glutamate level in the ICS, but this is only

small.

ATP levels in the glia drastically increase with the greater level of respiration

and glycolysis that accompany the elevated glucose level. The neuronal ATP con-

centration also increases as the greater levels of neuronal glucose and glutamate

speed up ATP-producing reactions R6 and R13 respectively.

Glial metabolite concentrations show far more increase than neuronal concen-

trations. We attribute this to the loop R7−R8−R9−R10−R11−R12 acting as

a regulator for the neuronal metabolite levels. It is possible that this mechanism

enables the glia to regulate the metabolite concentrations in the neuronal cells.

This also means that the glial cells are those worst affected by the increase in

Gb and are most likely to suffer as a result. A build-up of one or more of these

substances could damage the cells. For example, the breakdown of one of the

substances could create a bi-product that is toxic to cells if allowed to build up.

2.3.4 Parameter Changes in Light and Dark Conditions

On transition from dark to light conditions, the neurons fire more rapidly in

response to light stimuli. As mentioned earlier, the firing of neurons involves the
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release of the neurotransmitter glutamate to communicate with each other. This

is ATP-consuming reaction R11.

In the nondimensionalised model, the parameter associated with the rate of

R11 is k22. An increase in k22 is equivalent to speeding up reaction R11, i.e.

Light conditions ⇒ R11 rapid ⇒ large k22. (2.50)

Figure 5 shows the effects of varying k22 and Gb.

Speeding up reaction R11 results in an increased consumption of neuronal

glutamate, as seen in figure 5(c).

ICS glutamate levels initially increase rapidly as glutamate is released from

the neurons (reaction 11) more rapidly. However, this causes a corresponding

increase in glial glutamate uptake rate (R12), which then dominates over reaction

R11, so by the time a steady state is reached, a large amount of the glutamate in

the ICS has been absorbed by the glial cells, causing a net decrease in the ICS

glutamate (see figure 5(b)) and a rise in the glial glutamate concentration (see

figure 5(a)).

In the glial cells, the increase in glutamate increases the rate at which glu-

tamine production (reaction R7) occurs, and thereby increases glutamine levels

(see figure 5(a)).

These results provide us with testable predictions for the metabolite levels in

dark and light conditions, and transitions between them.

3 Thermodynamic Approaches to Metabolism

Thermodynamic methods, as discussed in this section, can be used to investi-

gate metabolism [1, 2, 3, 4]. These methods are particularly useful for two rea-

sons. Firstly, using thermodynamics means that it may be possible to incorporate

known data about the free energies associated with the biochemical compounds
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Figure 5: Effect of variations in k22 and Gb on metabolite concentrations in (a)

glial cells, (b) the ICS and (c) neuronal cells, using parameter values k1 = 1,

k2 = 1, k3 = 2, k4 = 2, k5 = 0.1, k6 = 1, k7 = 1, k8 = 3, k9 = 1, k10 = 2, k11 = 1,

k12 = 1, k13 = 1, k14 = 2, k15 = 1, k16 = 1, k17 = 1, k18 = 1, k19 = 1, k20 = 100,

k21 = 10, k23 = 1, k24 = 100, k25 = 1, k26 = 100, k27 = 1, k28 = 1, k29 = 1,

κ1 = 1, κ2 = 1, κ3 = 1, κ4 = 1, κ5 = 1, κ6 = 1, θ4 = 0.5, θ5 = 0.5, θ6 = 1, θ13 = 1
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of interest. Moreover, thermodynamic approaches focus on the steady state of a

metabolic system and neglect dynamic details of how this steady state is reached.

In most cases, the form of the steady state is of greater interest than the mecha-

nism responsible for its emergence.

During the course of the study group, we investigated the possibility of using

thermodynamic principles to develop a model of retinal metabolism. However,

no working model has yet been developed. We summarise below the principles

of thermodynamic analysis (largely based on Beard et al. [1]) and comments on

how they may be used to develop new models of retinal metabolism and diabetic

retinopathy.

It is important to distinguish between true ‘thermodynamic equilibrium’ and

‘nonequilibrium steady states’ like the steady states observed in metabolism.

Thermodynamic equilibrium corresponds to a closed system in which the for-

ward and reverse rates of each reaction balance. However, cell metabolism is

not a closed system of this type: cells are constantly supplied with glucose and

oxygen from the blood while waste products such as carbon dioxide are removed.

As a result, the concentrations of metabolites may be steady over time but there

is a flux of material along the metabolic pathway and it is not necessarily true

that any forward reaction is balanced by its corresponding back reaction. We call

this a ‘nonequilibrium steady state’. In contrast, thermodynamic equilibrium of

a cell can be equated with death.

To study nonequilibrium steady states, we can propose a mechanism by which

the steady state is maintained, and then search for relative reaction rates that

yield an appropriate steady state that matches observed concentrations. This

method is referred to as flux-based analysis (FBA) and it has been used to study

the metabolism of E-coli [3]. However, FBA can be improved by considering

thermodynamic principles, as we describe below.

22



As an illustrative example, consider a cell which is supplied with compound

A at a constant rate Jtot and loses compound D at an equal rate. Within the

cell, we assume that the following four reactions occur:

J1 : A→ B, J2 : A→ C,

J3 : B → D, J4 : C → D.

In each case, Ji represents the net forward rate of the corresponding reaction, but

we do not (at this stage) specify that Ji must be positive.

Assuming a nonequilibrium steady state, we see that the level of B and C

must be constant, and so J1 = J3 and J2 = J4. Moreover, by considering the

total flux through the system, we find that J1 + J2 = Jtot. In FBA, the next

step would be to use experimental data to set physically realistic bounds on the

unknown fluxes, and then optimise the entire system based on some cell objective

function, typically related to the total amount of energy that the cell obtains from

each reaction.

Suppose now that Jtot = 1 and let −2 ≤ Ji ≤ 2 for all Ji, and let the pathway

involving reactions 1 and 3 be energetically favourable for the cell. By simple

investigation of the extrema that satisfy the constraints, it would appear that

the optimum system for the cell is J1 = J3 = 2 and J2 = J4 = −1 (so that the

system follows the pathway involving reactions 1 and 3 as often as possible, and

that involving reactions 2 and 4 as little as possible).

However, a thermodynamic analysis of this solution shows that it is not phys-

ically feasible. Any attempt to assign chemical potentials to the four species

indicates that we cannot have net conversion of A to D via reactions 1 and 3 at

the same time as there is net converstion of D to A via reactions 4 and 2. A

useful way of thinking about this is to compare the reaction system described

above with an electrical circuit: it is not possible to have ‘current’ flowing one
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way through reactions 1 and 3 while if flows the other way through reactions 2

and 4. This would be forbidden by Kirchoff’s loop law.

Effectively, thermodynamic methods can be used to supply an equivalent of

Kirchoff’s loop law for complicated reaction networks. As outlined in [1], it is

possible to generalise these methods to when the reaction pathways are not as

simple as in the above example.

Despite this, thermodynamic methods are only really useful when there are

competing loops of reactions. If the metabolic pathway is linear or tree-like, the

thermodynamic constraints will not supply any additional information. Further-

more, both FBA and its thermodynamic extension are based on the optimisation

of a specific objective function. Although objective functions based on usable en-

ergy are easy to define for complete organisms (especially for simple organisms),

it is not obvious how this should be extended to describe retinal metabolism.

Lastly, the model must be optimised for each specific set of external parame-

ters (e.g. the concentration of glucose in the blood). Thus, parameters obtained

using experimental data from healthy patients cannot be used to generate a model

of diabetic retinopathy. This contrasts with the kinetic methods described in sec-

tion 2, which lend themselves naturally to the investigation of both healthy and

diseased steady states.

4 Discussion of Modelling Approaches

Key features of the ODE and thermodynamic approaches and their potential

strengths are summarised in table 1.

While table 1 appears to show irreconcilable differences between the two mod-

elling approaches, they are equivalent when considering mass action reaction ki-

netics for the ODE models and a scalar time coefficient for the thermodynamical
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Kinetic modelling Thermodynamic modelling

Steady states defined by ratios of ki-

netic parameters

Equilibrium states naturally defined

through Gibbs free energies

Many parameters unknown Gibbs free energies known experimen-

tally

Dynamic Static. Time dependence can be in-

troduced using additional components.

Requires time scale parameters (also

unmeasured)

No obvious physical analogies Electical circuit analogy

Tested methodologies for exploring so-

lution space, i.e. Stability analysis and

Auto.

Over-determined system. Extra

metabolic constraints required to

reduce solution space.

Table 1: Comparison of modelling approaches

approach. The methods naturally diverge as they become more dynamically com-

plex, with the ODE method becoming appropriate when the path to steady state

is more complex.

The exact dynamics and timescales were simply not known to the group at the

time of model development. Therefore we chose to progress the modelling using

both approaches simultaneously. Actual progress on each modelling approach

was substantially different, as the expertise within the group was predominantly

ODE based, and this is reflected in the detailed model and results in section 2.
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5 Conclusions and Further Work

The modelling framework in section 2 describes a highly idealised representation

of the metabolic pathway. Despite its simplistic form, a number of interesting

phenomena have been observed relating, in particular, to the effects of blood

glucose on its metabolic products within the glial and neuronal cell populations.

The next natural step is to identify more realistic parameter estimates, which

will allow a more focussed study of the model dynamics within the appropriate

parameter domains. Our current analysis also assumes that the ICS length-scale

is sufficiently small that solutions in this compartment are quasi-steady. It is

likely, however, that in some pathogenic situations (for example, in the case of a

sudden, rapid increase in the ICS glucose concentration) that this assumption is

no longer valid and a model extension beyond our current leading order expansion

is required.

Further future work will progress in two directions: firstly, to incorporate

additional metabolites and chemical factors, such as pH, NAD, NADH and pyru-

vate which are known to interact with the elements currently employed in the

model. These extensions will allow a more thorough investigation, in particular,

of diseased states in which there are altered expressions of one or more of these

additional factors. The extended model will also act as a validation tool to test

the robustness of the results from the current, simpler framework.

The second avenue of research is to develop a Gibbs thermodynamics model,

involving energy balance analysis and chemical potentials written in terms of

reagent concentrations and Gibbs free energies. The advantage of the thermo-

dynamics approach is the fact that the model parameters (expressed in terms

of chemical potentials) are largely known. The disadvantage, however, is that it

is usually applied to equilibrium statics, rather than the non-equilibrium tran-
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sients (which is amenable to using the ODE phenomenological approach de-

scribed above). The question we will address is: can we adapt classical ther-

modynamics to exploit known experimental parameters to find equilibrium and

non-equilibrium behaviours?
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