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Introduction

Back pain is suffered by a large fraction of the population and understanding its origins
is an area of continuing research. The aim of this project was to investigate the use of
MRI in aiding diagnosis of back pain problems. In particular the question of whether MRI
could be used to infer the pressure within intraverterbral discs. There are a number of
different types of MRI measurements and the investigation was to see if any of these could
be correlated to the fluid pressure of the solid stresses that occur in the discs.
The function of the intravertebral disc is to absorb and distribute forces applied to the
human spine, while providing flexibility of motion. Ageing, disease and injury can lead to
alteration of the biomechanical properties of a disc. This can result in abnormal deformations of the disc leading to damage and thus pain and disability. Furthermore, in trying
to reduce pain patients tend to adjust their posture in a such a way that the other discs
experience abnormal loading, leading to propagation of damage through the spinal column.
When patients are diagnosed with disc damage it is usually associated with a long
history of back pain, which may have begun years before. It is therefore reasonable to
assume that abnormal alterations in the biomechanics of a disc may also start at an early
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age, but are never detected.
One of the main parameters that indicate disc function is assumed to be the internal
pressure of the disc. Because of its composite nature it has not been possible to reach a
consensus on how the pressure is distributed within the disc or what the mechanism for its
distribution is. If disc pressure is to be measured invasively it requires an alteration of the
very structures that give rise to and/or modify those internal pressures. This is probably
the reason for the vastly differing results reported in the literature. Measuring the pressure
non-invasively would make it possible to obtain such measurements simply, quickly and
with little effort from the patient.
We aim to examine the potential of measuring or estimating internal pressures of the
intravertebral disc using MRI imaging. MRI provides a distribution of water molecules
inside a structure. The intravertebral disc is basically a self contained container with
distributed water molecules inside. A change in structure of the disc due to dysfunction
will lead to a change in the distribution of water molecules and thus give rise to an altered
image making diagnosis posssible. Therefore if changing disc pressures lead to changing
internal structures and thus water distribution we will be able to see and therefore be able
to estimate the pressure.

Aim
To find a mathematical relationship between the distribution of water molecules, the fluid
pressure, and MRI image parameters.
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2.1

Disc Physiology
Disc Composition

The intravertebral disc provides the interface between vertebrae in the human spinal column
where it acts as a cushioning structure absorbing and redistributing the applied forces,
protecting structures such as the brain, nerves and the vertebrae themselves. It is avascular
and has little nerve supply. Nutrients are supplied by the endplates which are positioned
at the top and lower interface between the disc and vertebrae. Discs allow some vertebral
motion, extension and flexion, while individual disc motion is very limited.The disc is
composed of two layers; the outer annulus fibrosus and the inner nucleus pulposus. Both
layers contain water, collagen and proteoglycans P.G’s. The annulus is made of several
highly collagenous layers arranged as concentric sheets such that the fibres form a stong
mesh. This is prestretched by the built in pressure of the nucleus. The nucleus contains a
hydrated gel like substance which is composed of a collagen and P.G mesh. The collagen
content is far less than in the annulus but is capable of resisting large compressive forces
largely due to the presence of P.Gs which are highly suited to retain water molecules. An
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intact disc and correct component balance is essential for structural integrity and normal
disc function. The amount of water in nucleus varies throughout the day depending on
activity; during the day, while a person is active, water leaves the nuclues; and at night,
while a person is resting, water returns - leading to the difference in a person’s height before
and after sleeping.

Figure 1: Position of intervertebral discs within spinal column (left) and lateral view of
disc (right)

2.2

Disc Degradation

Aging, disease and injury can lead to disc degradation reducing ability of the disc to handle
mechanical stress, which is characterised by the following factors;
• Decreased total disc water volume
• Decreased nucleus pressure
• Decreased nucleus diameter
• Increased annulus width
• Decreased annulus structural integrity
• Decreased perfusion (due to decreased water volume)
Degeneration can lead to herniation (where the nucleus content bulges out through the
annulus), where pain and dysfunction caused by compression of neural structures by herniated disc fragments. In addition, during the late stages of disc disease, the annulus has
degraded so much that it is almost impossible to separate between the annulus and the less
dense nucleus region on an MRI image.
3

2.3

Measured Image Parameters

There are a number of different types of measurements that can be taken by an Magnetic
resonance imaging (MRI) machine depending on the type of MRI used. MRI in general
relies on protons responding to a changing magnetic field and allows constucting images
based on water content. Traditional MRI produces images showing the content of water in
different structures. Diffusion weighted MRI is a relatively new MRI technique where the
images produced are related to the amount of brownian motion taking place. It is hoped
that this will provide a measure of tissue structure.
The following is a brief outline of each of the measurements that can be taken by the
different types of MRI:
T2 MRI (conventional)
• Geometry - shape and displacements
• Volume of water
Diffusion weighted MRI
• Mobility of particles due to Brownian motion
Apparent Diffusion Coefficient MRI
• Diffusion coefficients
The drawback of conventional MRI is that the shape and volume changes that it can
measure occur late in disease progression. In addition, patients typically present with back
pain with no discernable shape change in their discs. However, it is thought before any
shape and volume changes take place in disc degradation, the histology of the disc tissue
alters the integrity of the disc, namely the annulus decrease. It is hoped that this fact can
be exploited to provide an early marker and a means of detection of disc damage by using
diffusion weighted MRI which can detect changes in a structure by measuring the diffusion
coefficients.
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Modelling Strategy

Because progression of disc disease is correlated with disc pressure it is hoped that measuring pressure will provide a marker for disc health. Therefore a relationship is needed
between diffusion coefficients (or permeability), force and internal pressure.
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Fluid filled sac

We now turn to a very simple submodel where we assume that a disc can be modelled as a
fluid-filled sac. The model was developed in order to otry to understand how the pressure
might vary in the disc as a force is applied externally through the vertebra. A highly
idealised model was used in which we assumed that the disc was filled with an inviscid
and incompressible fluid, the fluid being contained wihtin the disc by elastic deformation
of the surrounding annulus. The annulus was assumed to be very thin, acting on each side
of the disc like an elastic membrane (representing the stretching of the network of collagen
fibres), and behaving like a linear spring with spring constant k and natural length L.
We assume for the present that the disc is two-dimensional (the necessary adjustments
for a cylindrical disc can easily be made) and that it is anchored onto the baseplate of the
adjoining vertebra. The fluid in the sac is assumed to have a volume V which is conserved,
and to be at a uniform pressure P ,

4.1

The model

We assume that the applied force is given by F , the depth of the disc (into the paper) is
denoted by c, the distance across the disc is 2b, the distance between the parallel baseplates
is 2a, the tension in each annulus is T , the arc length along the annulus between the parallel
baseplate is s, the radius of curvature of the annulus is R, and the angle of attachment of
the annulus to the baseplate is θ. A schematic diagram of the disc is shown in figure 2.

Figure 2: An idealised disc with parallel baseplates of adjoining vertebrae

We therefore find that the governing equations are


L
T =k s−
, F = 2P bc − 2T cos θ,
2
a = R sin θ,

cP R = T,

s = Rθ, V = 4abc + 2cθR2 − 2acR cos θ.
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The number of quantities in these equations totals 12, of which we regard 6 as known (k,
L, F , c, b, V ) and 6 as unknown (T , s, P , a, R, θ).

4.2

A disc with no pretension

In the special case where there is no pretension and V = 2Lbc, we note that the solution
is given by a = L/2, P = F = T = θ = 0. The walls are vertical so that the sides of the
disc are “straight”, s = L/2, and R is unbounded.

4.3

A pretensioned disc

Returning now to the case where V > 2Lbc so that the disc is pretensioned, it is convenient
to non-dimensionalise by setting V = 2LbcV̄ , s = (L/2)s̄, a = (L/2)ā, R = (L/2)R̄,
T = (kL/2)T̄ , P = (k/c)P̄ , θ = θ̄ and F = kLF̄ . The equations then become
T̄ = s̄ − 1, ā = R̄ sin θ̄, R̄θ̄ = s̄,

P̄ R̄ = T̄

and
F̄ = 2λP̄ − T̄ cos θ̄, 4λV̄ = 4λā + θ̄R̄2 − āR̄ cos θ̄
where λ = b/L. The best way to proceed now is probably to eliminate ā, T̄ and s̄, to give
(dropping the overbars from now on) the system
F

= P (2λ − R cos θ)
2

= R θ + R[4λ − R cos θ] sin θ
1
θ = P+ .
R

4λV

(1)
(2)
(3)

A number of cases may now be examined (both numerically and asymptotically) but
first we note that, in its “rest” state (F = 0), it appears that there are two solutions since
clearly we may either have P = 0 or 2λ = R cos θ. When P = 0 we have


1 sin θ
cos θ
4λV = +
4λ −
θ
θ
θ
which appears to have a solution (though possibly non-unique) provided that V is not too
large. When V exceeds unity by only a small amount so that V = 1 + V1 with   1 , we
find that, as one might expect,
R∼

1
− λ + O(),
6λV1 

θ ∼ 6λV1  + O(2 ).

In the other case when 2λ = R cos θ we find that θ satisfies the equation
θ
V
=
+ tan θ,
λ
cos2 θ
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Figure 3: Successive “squeezings” of model disc with b = 4, λ = V = 2
which has a solution with θ > 0 for any V /λ > 0 (though the solution may not be unique).
In the general case (1)–(3) must be solved numerically, though this is an easy matter.
Note that the amount of force that may be exerted is bounded above, for when a decreases
to zero (and θ increases to π), a maximum pressure is reached. This “final compression
state” is given by
!
r
r
r
r


π
4λV
4λV
π
F = π−
2λ +
, R=
, P =π−
.
4λV
π
π
4λV
Finally, MAPLE was used to solve the equations for an illustrative case with λ = 2 and
V = 2. Pictorial results for forces of F = 0, (1), 16 with b = 4 are shown in figure 3. In
this case full compression with a = 0 is reached with a force of F ∼ 16.88 and a pressure
of P ∼ 2.70 (when F = 0 the pressure is P ∼ 0.21).

5

Poro-elastic Model

The previous fluid filled sac model did not provide any information on diffusion coefficients
so moved to a more complicated model using the poro elastic equations.
Further insight into the general behaviour of the discs was also examined by considering a very simple model of a disc. The previous ”fluid-filled sac” model was thought to
represent the behaviour of the disc when subject to sudden forces as the fluid in the disc
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was unable to move rapidly. However, over much longer periods of time, such as several
hours, the disc does slowly deform as the fluid is displaced due to the high pressures and as
it leaks through both the annulus and the baseplates. It was decided therefore to consider
a simple model of the disc in these conditions as a poro-elastic material where the water
occupied a volume fraction φ and there is a matrix of material, representing the collagen
and proteoglycans in the disc, occupying a volume fraction (1 − φ).
The equations governing motion of a poro-elastic material can then be summarised as
φt + ∇ · (φvL ) = 0
(1 − φ)t + ∇ · ((1 − φ)vS ) = 0
− φ∇p + κ(vL − vS ) = 0
− (1 − φ)∇p − κ(vL − vS ) + ∇ · ((1 − φ)τ ) = 0
∂χSk
τ = Cijkl
∂xl
Where φ is volume fraction of water in the structure of collagen and P.Gs, v is the
velocity, χ is the displacement, κ is the inverse permeability of the matrix ,τ is the stress,
C is a material property and L denotes a liquid property, while S denotes a solid property.

5.1

1-Dimensional Equations

In order to understand how the system works a simple one-dimensional behaviour of the
disc was considered. Here the region of interest was considered as between the mid-point
of the disc (y = 0) and the baseplate (y = l). At the midpoint there will be symmetry, and
hence no flow or displacement, while at the baseplate we will have the matrix moving at
the velocity of the baspelate, and the fluid at a given pressure. In addition we shall impose
a given force to the basplate. For the purposes of understanding the phenomena it was
decided that a periodic forcing to baseplate might be suitable to represent loading during
the day and unloading when resting at night. Hence a sinusoidal force is imposed.

The resulting problem is given by
φt + (φvL )y = 0

(4)

− φt + ((1 − φ)vS )y = 0

(5)

− φpy + κ(vL − vS ) = 0

(6)

− (1 − φ)py − κ(vL − vS ) + ((1 − φ)τ )y

(7)

χt = vs

(8)
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Figure 4: An idealised one dimensional disc for a poro-elastic material

Adding equations (4) and (5) together leads to:
(φvL )y + ((1 − φ)vS )y = 0
Therefore

∂
=0⇒
∂y
φvL + (1 − φ)vS = F (t)

Adding equations (6) and (7) together leads to:
−py + ((1 − φ)τ )y = 0
Therefore

∂
=0⇒
∂y
−p + (1 − φ)τ = G(t)

Substitute τ = (λ + 2µ)χy where λ and µ are the Lamé constants of the material ⇒
− p + (1 − φ)(λ + 2µ)χy = G(t) ⇒
− py + [(1 − φ)(λ + 2µ)χy ]y = 0
Substituting into (6)
φ[(1 − φ)(λ + 2µ)χy ]y = κ(vL − vS )
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(9)

Substituting vL =

F (t)−(1−φ)vS
φ

from (9) leads to:

φ2 [(1 − φ)(λ + 2µ)χy ]y = κ[F (t) − vS ]
Replacing vS with χt leads to:
φ2 [(1 − φ)(λ + 2µ)χy ]y = κ[F (t) − χt ]
and
φt = ((1 − φ)χt )y
κ = κ(φ)

If we set F (t) = 0 then the equations to be solved are:
φt = ((1 − φ)χt )y
φ2 [(1 − φ)(λ + 2µ)χy ]y = −κχt
κ = κ(φ)
5.1.1

Boundary Conditions

At the midpoint: χ = 0 at y = 0
At the baseplate: (1 − φ0 )(λ + 2µ)χy = Gt(t) where G(t) = α (sin(ωt) + 2) at y = L
corresponding to the periodic force that the disc is subjected to throughout the day - on
in the day and off during the night.
In addition we seek periodic solutions so that χ(t) = χ(t + T ) where we have defined
the parameter T = 2π
ω

5.2

Results

The equations were solved numerically using an explicit time-stepping, finite difference,
upwinding scheme, with the initial conditions that
v(y, t) = v(y, 0) = 0, and
φ(y, t) = φ(y, 0) = φ0
Figure 5 show that as y increases, χ increases almost linearly, and φ remains quite
constant until it suddenly drops off which corresponds to the amount squeezed out at the
top due to compressing the structure from the top.
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Figure 5: The fluid displacement χ (left) and the volume fraction of fluid φ (right) against
y as the force is varied sinousoidally on a poro-elastic material

5.3

Small Displacments Model

To further understand the behaviour of the poro-elastic material the limiting case of small
displacements was considered. It was expected that in practice these displacements would
remain small relative to the distance between the baseplates so this would be reasonable.
To analyse this situation let
φ = φ0 + φ1 + . . . , and
χ = U
where O(0 ) corresponds to an uncompressed domain,and O() corresponds to the small
changes when the structure is compressed.

φt = ((1 − φ)χt )y
φ2 [(1 − φ)(λ + 2µ)χy ]y = −κχt
⇒
(φ0 + φ1 + . . .)t = ((1 − φ0 − φ1 − . . .)Ut )y
(φ0 + φ1 + . . .)2 [(1 − φ0 − φ1 − . . .)(λ + 2µ)Uy ]y = −κUt

Considering the order of magnitude of terms leads to
Ut = βUyy
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where
β=

(1 − φ0 )φ20 (λ + 2µ)
κ0

where κ0 = −κ|φ0

5.4

Boundary Conditions

At the midpoint: U = 0 at y = 0
At the baseplate: (1 − φ0 )(λ + 2µ)Uy = Gt(t) where G(t) = α (sin(ωt) + 2) at y = L
corresponding to the periodic force that the disc is subjected to throughout the day - on
in the day and off during the night.
In addition we seek periodic solutions so that U (t) = U (t + T ) where we have defined
the parameter T = 2π
ω

5.5

Results

This problem is a standard problem of a viscous fluid with oscilating shear force or a
varying heat flux into a thermally conducting material. The solution can be expressed in
the form
U=
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How do we relate this back to the image
∂
∂
(φC) =
∂t
∂xi



∂C
Dij φ
∂xj

where C is concentration
1
Dij = D0 δij + D1
2



∂uj
∂ui
+
∂xj
∂xi

where Dij is the diffusivity tensor
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+ D2 δij

∂uk
∂xk

In 1 Dimension
[(φ0 + φ1 + . . .)C]t = (D22 (φ0 + φ1 + . . .)Cy )y

D22

1
= D0 δ22 + D1
2



∂u2 ∂u2
+
∂x2 ∂x2


+ D2 δ22

∂u2
∂x2

D22 = D0 + D1 Uy + D2 Uy
As the structure is compressed Uy decreases, because the ability of the particles to move
in the y direction is decreased. Thus we can construct a measure of anistropy M


D1 Uy + D2 Uy
M =−
D0
This measure is the change in diffusion due to compression over the uncompressed diffusivity. In addition, M should equal the signal intensity in an diffusion weighted MRI image
because restriction of movement due to barriers is what diffusion weighted MRI measures.
maps.
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Obtaining pressure

U is related to p by the following relationship:
− p + (1 − φ0 )(λ + 2µ)Uy = G(t)
where G(t) = α (sin(ωt) + 2), ⇒

Uy =

P + α(2 + sin(ωt))
(1 − φ0 )(λ + 2µ)

So we can go directly from the signal intensity to pressure



D1 + D2
P + α(2 + sin(ωt))
M =−
D0
(1 − φ0 )(λ + 2µ)

8

Experiments

Experiments were conducted where an onion was subjected to a compression force while
being imaged in an MRI machine. T2, Diffusion-weighted, and Apparent diffusion coefficient maps were obtained before the onion was compressed, during compression, and after
the compressive force was taken away.
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Figure 6: T2 images: compressed (left) and uncompressed (right)

Figure 7: Diffusion weighted images: uncompressed (left), compressed (centre) and uncompressed (right)

Figure 8: ADC images: uncompressed (left), compressed (centre) and uncompressed (right)
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8.1

Discussion

From these very preliminary images we have concluded that:
• There appears to be nothing on the T2 images that changes when compression is
applied except the geometry of the object.
• For the diffusion weighted images there appears to be some bright spots on the sides
of the onion corresponding to areas where mobility of the water had reduced due to
compression on the diffusion weighted maps.
• There appears to be nothing on Apparent Diffusion Coefficient images that changes
with compression except for the geometry.
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