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Abstract

Biofilms are bacterial colonies growing on solid-fluid interfaces. Planktonic (swimming) bac-

teria attach to a surface and develop into a microcolony through cell division. In time,

through the bacterial production of exo-polysaccharides, they mature to form highly complex

and highly heterogeneous structures which are notoriously resistant to anti-microbial agents.

Through sloughing, the bacteria are able to spread and recolonise elsewhere. The biofilms of

the bacterium Rhodobacter sphaeroides have additional characteristics: 1) they form bacterial

chains in the early stages and 2) individual planktonic cells (regulated by quorum sensing)

disperse from the biofilm surface.

In this report, four mathematical models are investigated. Firstly the role of growth

and cleavage in chain formation is investigated and steady-state analysis reveals a range of

distributions that could help identify key mechanisms given appropriate data. The role of

nutrient diffusion in the biofilm morphology is investigated by two models, suggesting that

the observed structures can be explained by nutrient limitations alone. The role of quorum

sensing (QS) and planktonic cell dispersal on biofilm growth is investigated in the fourth

model, where a sufficient condition for QS activity is derived, but suggests that mechanisms

other than planktonic cell escape are needed to explain the observed limits in biofilm growth.

1 Introduction

1.1 Bacterial biofilm formation

There has been a dramatic change in our conceptual understanding of bacterial modes of exis-

tence in natural environments over the last 20-25 years brought about by the realisation that

the predominant microbial lifestyle is not one of free swimming (planktonic) individuals, but

as members of complex surface attached communities called biofilms [7]. Since this realisation,

intense efforts spanning multiple disciplines have been initiated with an aim to understanding

the nature of this ubiquitous microbial lifestyle in which bacteria enclosed within biofilms are

physiologically and metabolically distinct from their planktonic counterparts.

1.1.1 Biofilm structure and development

Environmental microbiologists have long recognised that complex bacterial communities exist;

recently, advances in microscopy and molecular technologies made it possible to closely exam-

ine such communities in situ. Biofilm formation has been studied with the use of flowing and

stationary systems enabling the investigation of the structures of biofilms and their physical

properties [8, 15, 16]. Biofilm development initiates when bacteria undergo a transition from a

planktonic state to that of firmly attached cells on biotic or abiotic surfaces. Initial attachment

is thought to be regulated in part by the nutritional status of the environment [29]. After

Report on a problem studied at the UK Mathematics-in-Medicine Study Group Oxford 2005
< https://mmsg.mathmos.net/uk/2005/biofilms/ >

https://mmsg.mathmos.net/uk/2005/biofilms/


MMSG2005 2

the initial attachment to the substratum, cells are thought to undergo a program of physio-

logical changes that result in a highly structured microbial community. Through growth and

active movement across the substratum, spatially distinct clusters of cells, referred to as mi-

crocolonies, are formed [19]. Although biofilms are highly structured, they are not permanent.

Sloughing of cells from the mature biofilm (i.e shedding of biofilm material from the surface

can occur though death, degradation or by cell-mediated mechanisms [19, 26]. This sloughing

of cells acts as a means of colonising new surfaces so as to avoid population-density-mediated

starvation of attached bacterial communities [2]. Detached cells re-enter a planktonic phase,

and the developmental cycle effectively begins again. This generalised overview of biofilm

formation and structure is intended to provide a framework for further discussions (Figure 1).

1.1.2 Quorum sensing within biofilms

In recent years, advances in technology has greatly increased the resolution of biofilm investiga-

tion and studies are providing valuable and intriguing information on the complexity of inter-

action between cells in the biofilm - none more so than the process known as quorum-sensing.

Bacteria have been shown to be able to coordinate their activities through the production of

acylated homoserine lactones (AHLs) [12]. These small membrane-permeable signal molecules

accumulate in cultures in a cell-density-dependent relationship. Upon reaching a threshold

local concentration (the quorum), AHLs can interact with specific receptors that signal the

bacteria to activate differential sets of genes. In effect, quorum sensing allows coordinated

gene expression that is regulated by cell density. These systems are widespread and have

been linked to the regulation of diverse functions. For example, quorum-sensing systems are

known to be involved in the regulation of virulence genes in Pseudomonas aeruginosa, con-

jugal transfer in Agrobacterium tumefaciens, swarming motility in Serratia liquefaciens and

antibiotic production in Erwinia caratovora [13, 22].

1.1.3 Rhodobacter sphaeroides and biofilm development

The alpha subgroup bacterium R. sphaeroides WS8 is a widely dispersed, motile, purple non-

sulphur bacterium with a versatile metabolism, using anaerobic and aerobic respiration or

photoheterotrophims as energy sources for growth. It can also grow as a photoautolithotroph

with carbon dioxide as the sole carbon source and in addition can fix nitrogen. Its metabolic

versatility enables it to colonise many different niches in the environment. This purple non-

sulphur bacterium is one of the most understood non-enteric bacteria, as it has been widely

studied due to its remarkable genomic and physiologic complexity.

R. sphaeroides has been shown to be an important primary coloniser of surfaces in coastal

waters [9]. Such primary colonisers establish the initial particle surface-colonising assemblage

by changing the physio-chemical properties of the surface, particularly by exopolysaccharide

production, making the surface more, or sometimes less, suitable for recruitment of later

colonists.

R. sphaeroides is motile, propelling itself by a single flagellum that is controlled by a com-

plex chemosensory system containing multiple homologues of the classical E. coli chemotaxis

pathway. This more complex pathway appears to be finely tuned to respond to very small

changes in a diverse range of signals, including metabolic changes, to drive motility towards

the optimum conditions for metabolism, growth and survival [18, 24].
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Figure 1: Biofilm development in Gram-negative organisms [10]. This figure outlines the cur-

rent model for early stages in biofilm formation in P. aeruginosa. From left to right: Flagella

are required to bring the bacterium into proximity with the surface, and LPS (lipopolysac-

charide, a component of the bacterium’s outer membrane) mediates early interactions, with

an additional possible role for outer membrane proteins (OMPs). Once on the surface in a

monolayer, type IV pilus-mediated twitching motility is required for the cells to aggregate

into microcolonies. The production of pili is regulated at least in part by nutritional signals

via Crc. Documented changes in gene expression at this early stage include upregulation of

the alginate biosynthesis genes and downregulation of the flagella synthesis. The production

of cell-to-cell signalling molecules (AHLs) is required for formation of the mature biofilm and

alginate may also play a structural role in this process [10].

The chemosensory system and motility are widely accepted as having a role in biofilm for-

mation and dispersal. In vitro flow cell studies and microcosms have shown that R. sphaeroides

has the ability to form morphologically distinct biofilms when growth conditions are altered

(Godfrey & Packer et al. unpublished data).

R. sphaeroides biofilm development follows the typical scenario depicted with P. aeruginosa

(Figure 1) with a noticeable exception in that chains of cells are observed on the surface of

the film following early biofilm attachment. Microscopy studies using confocal scanning laser

microscopy have observed that biofilm structural development by R. sphaeroides follows the

model proposed in Figure 2. Within 24-48 hours, many chains and single motile cells are

observed to aggregate together to form microcolonies. The microcolonies develop into a mature

biofilm as a result of up-regulated exopolysaccharide (EPS) production that encases and binds

the cells together. Mature biofilm establishment leads to the dissociation of the chains within

the EPS matrix resulting in a predomination of individual cells (with few chains) within

the mature biofilm (Figure 2). R. sphaeroides produces a long chain AHL molecule (C14)

and experimental evidence shows that strains deficient in the production of this AHL exhibit

cellular clumping in liquid culture [21]. Therefore it seems possible that in R. sphaeroides,

AHL is a regulatory mechanism enabling dissociation of chains into single cells (as observed

in the mature biofilm) and also regulation of motile planktonic cell dispersal from a mature

biofilm when the quorum is reached (Figure 2).

1.2 Outline of the sections to follow

In the next four sections, a number of the aspects of biofilm formation and development dis-

cussed above will be investigated using mathematical modelling. In Section 2 (by J. Wattis
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Figure 2: Proposed model of Rhodobacter sphaeroides biofilm formation. From left to right:

planktonic bacteria attach themselves on to a solid surface and over the course of a few

hours form cell chains. Eventually, these chains aggregate to form microcolonies and, in

time, through the production of EPS and the chain breakup, the biofilm develops in a similar

fashion to that described in Figure 1. In mature biofilms, perhaps mediated by quorum

sensing, individual cells at the surface become planktonic and escape into the fluid media to

colonise elsewhere.

and S. Jabbari), the chain formation during the early stages of R. sphaeroides’ biofilm de-

velopment is investigated. Then in Sections 3 (J. Siggers) and 4 (R. Kabayashi), the role of

nutrient transport on biofilm morphology is investigated, starting with the initial formation of

“pillars” due to nutrient diffusion-driven instabilities and then how the growth of these pillars

are effected by the flow of the fluid media. The role of planktonic cell dispersal and quorum

sensing, relevant for R. sphaeroides biofilms, are investigated in Section 5 (J. Ward). Finally,

an overview of the work is discussed in the Section 6.

2 Modelling chain formation

The observation that individual Rhodobacter sphaeroides cells form chains in the initial stages

of biofilm formation is relatively recent. Hence little is known about the structure of these

chains or how they form. Under normal circumstances, each bacterial cell undergoes binary

fission after a certain amount of time in order to reproduce. They divide to produce two new

daughter cells which split away from each other to form a pair of distinct cells. What is known

about the formation of these Rhodobacter chains is that the division process begins, but as a

result of some unknown mechanism, is never quite completed. Two new daughter cells form

but do not succeed in breaking away from each other, resulting in a chain of two cells. As this

division process continues in these cells, the chain grows longer and longer. Thus, each chain

contains cells which all originate from the same parent cell.

It is unclear, however, which cells continue to divide. Is it every cell in the chain, or only

a certain number of cells, for example only the end cells? Also, since very long chains have

not yet been observed, can the chains break? Can they shed their end cells?

We have modelled an approximation of the steady state distribution of chain lengths. In

this we include cell division, and allow for the possibility that chains can break and shed their

end cells. We chose to investigate four possibilities:

Case I Only the end cells of the chain divide and all chains are equally likely to break
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(irrespective of length)

Case II All cells in the chain divide and all chains are equally likely to break

Case III Only the end cells of the chain divide and longer chains are more likely to break

Case IV All cells in the chain divide and longer chains are more likely to break

In each case we let cr be the number density of chains of length r and construct differential-

difference equations using the mechanisms which we believe to be involved in chain formation,

that is, cell division, shedding of the end cell of a chain as it becomes planktonic, and sloughing

of a large fragment of a chain. For this we need the following parameters:

a: rate of cell division,

b: rate of shedding, that is the loss of a single cell from the end of a chain,

k: rate of sloughing, that is, the rate at which chains break or fragment at some point in

the interior of the chain (also known as chain scission).

Each of the above rate constants may depend on chain length (r). The basic model of

chain growth and shedding has a similar form to the Becker-Doring system of equations [5],

that is chains grow Cr → Cr+1 at a rate ar and decay Cr → Cr−1 at a rate br thus we obtain

dcr
dt

= ar−1cr−1 − arcr − brcr + br+1cr+1, (r ≥ 2) (1)

with a modified equation governing the behaviour of c1. We assume that the new cells gen-

erated from cell division are created ex nihilo and do not deplete the stock of chains of unit

length, and that the planktonic cells released from the end of the chains also are swept out of

the system. To obtain physically realistic solutions the rate of chain growth ar must not grow

faster than linearly in r; for the case ar = a independent of r, and the case ar = ar, exact

solutions are available (see [6, 14, 28]).

To the system (1) we add in the fragmentation term from a binary fragmentation model,

which arises in reversible Smoluchowski coagulation [23, 3]1, namely Cr → Cs+Cr−s at a rate

ks,r−s. We assume that both fragments are retained in the experimental apparatus as long

chains will easily be caught up in other colonies, or may even attach to the substrate and start

a new colony. Thus we obtain the general model

dcr
dt

= ar−1cr−1 − arcr − brcr + br+1cr+1 −
1

2

(

r−1
∑

s=1

ks,r−s

)

cr +

∞
∑

s=1

kr,scr+s, (r ≥ 2). (2)

The equation for chains of length one is

dc1
dt

= J − a1c1 + b2c2 +
∞
∑

s=1

ks,1cs+1, (3)

where J is the net rate at which bacteria adhere to the surface from the environment. In

a clean flow this might be zero; however, if there are other bacterial communities upstream

1The reversible Smoluchowski coagulation equations are

dcr

dt
=

1

2

r−1
X

s=1

“

k
f
s,r−scscr−s − k

r
s,r−scr

”

−

∞
X

s=1

“

k
f
r,scrcs − k

r
r,scr+s

”

,

in (2) we set kf
r,s = 0, retaining just the kr

r,s terms.
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which are shedding cells at a rate q, then J might have the form λq − µc1, where λ is the

adherence rate and µ is a removal rate. In the analysis below we seek steady-state solutions,

and so we implicitly assume that c1 also maintains a steady value.

Such mixed Becker-Doring-Smoluchowski systems have occasionally been analysed before,

for example in the model of RNA chain polymerisation [27], where the focus was on solutions

which led to concentrations which grew in time. Here, we shall simply seek steady solutions,

that is, distributions of chain-length which are time-independent. We typically expect the

rate coefficient kr,s to be much smaller than br and ar.

Below we shall assume forms for the rate constants ar and kr,s, which are either independent

of chain length or proportional to chain length. The shedding rate br will always be assumed

to be independent of chain length, that is br = b. We assume the existence of a significant

number of long chains, so that the chain length parameter (r) may be taken as a continuous

variable. We then take the continuum limit of the governing equations to obtain a second

order differential equation for each case which can then be solved to approximate the steady

state distributions of chain lengths in each case.

2.1 Case I

In this case we assume that only the cells at each end of a chain divide, thus the rate of

chain growth is the same for all chains, ar = a. We assume that the end cells may also

become planktonic and swim off into the environment, causing the chains to reduce in length;

we denote the rate at which this occurs by b –independent of r. In addition, we assume

that a chain may fracture at some point along its length and a large fragment be lost, this

occurs at some rate k, which, in this case, we assume to be independent of chain length. This

corresponds to assuming that k = 1
2

∑r−1
s=1 ks,r−s in (2); the simplest fragmentation kernel kr,s

which satisfies this is kr,s = 2k/(r + s − 1) so that ks,r−s = 2k/(r − 1). To obtain a viable

population of chains of a significant length, we assume that the growth rate a will exceed b.

The appropriate differential-difference equation for the concentration of chains of length r at

time t is thus
dcr
dt

= acr−1 − acr − bcr + bcr+1 + k
∞
∑

s=1

2cr+s
r + s− 1

− kcr. (4)

In order to investigate the shape of the chain length distribution cr(t) at large lengths (r),

we let x = hr, where h�1, and introduce c̃(x, t) = cr(t). Using a Taylor series expansion in

x, we obtain the partial differential equation

∂c̃(x, t)

∂t
= (b− a)h

∂c̃

∂x
+ 2k

∫ ∞

y=x

c̃(y, t)

y
dy − kc̃. (5)

To obtain a solution in which growth shedding and sloughing are all relevant, we note that k

is expected to be small so we write k = hκ. Taking h → 0, the equation for the steady-state

csss(x) = c̃(x, t) is then

0 = (b− a)csss′(x) + 2κ

∫ ∞

x

csss(y)

y
dy − κcsss(x). (6)

This is equivalent to

0 = (b− a)xcsss′′ − κxcsss′ − 2κcsss, (7)
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which has the general solution

csss(x) = C1e
−κx/(a−b)x(2a− 2b− κx)

+C2

[

κe−κx/(a−b)x(2a− 2b− κx)E1

( −κx
a− b

)

− (a− b)(a− b− κx)

]

, (8)

where E1(·) is an Exponential integral function [1]. Such distributions are illustrated in Figures

3a and 4a. The solution C2 = 0 has a particularly simple form; if κ > 0, then we have positive

concentrations of chains of length zero up to xmax = 2(a− b)/κ.

2.2 Case II

This case is identical to Case I in respect to chain fracture (sloughing, with rate kr,s) and the

shedding of end cells (as cells transform to the planktonic state); however, we consider the

alternative growth hypothesis where all cells in a chain are permitted to undergo cell-division.

The growth rate of a chain is thus proportional to the number of cells in it, and thus to its

length, that is, ar = ar (in place of ar = a). The governing equations are altered from (4) to

dcr
dt

= a(r − 1)cr−1 − arcr − bcr + bcr+1 + k
∞
∑

s=1

2cr+s
r + s− 1

− kcr, (9)

Again, we substitute c̃(x, t) = cr(t) with x = hr and h � 1, then use a Taylor expansion to

reduce equation (9) to the partial differential equation

∂c̃

∂t
= −ax ∂c̃

∂x
− ac̃+ bh

∂c̃

∂x
− kc̃+ 2k

∫ ∞

y=x

c̃(y)

y
dy. (10)

As in Case I, we expect k to be much smaller than b thus we write k = hκ; the typical growth

rate is ar = ar = ax/h, thus we expect the constant a also to be small, and so we make the

substitution a = hα.

We seek a steady-state solution to this equation. and therefore obtain the following ap-

proximation

0 = x[(b− αx)csss(x)]′′ − κxcsss′(x) − 2κcsss(x). (11)

The solution to this differential equation is a linear combination of hypergeometric functions

[1]

csss(x) =
C1x

|b− αx|1+κ/α 2F1

(

γ+, γ−;−κ
α

; 1 − αx

b

)

+C2x 2F1

(

2 − γ+, 2 − γ−; 2 +
κ

α
; 1 − αx

b

)

.

(12)

where γ± = 1
2(1 − κ/α ±

√

1 − 6κ/α+ κ2/α2). In the case b = 0 the solution (12) simplifies

to csss(x) = C1x
γ+−1 + C2x

γ−−1.

2.3 Case III

We now revert to the assumption that chains grow only by the end cells dividing, thus all

chains have the same growth rate, ar = a, irresepective of chain length. However, we modify

Case I by assigning longer chains a higher rate of scission, that is, the rate at which a chain

fragments depends on the number of cell-cell junctions, hence the term
∑r−1

s=1 ks,r−s in (2)

depends on r−1. The simplest form arises from kr,s = k and leads to the governing equations

ċr = acr−1 − acr − bcr + bcr+1 + 2k
∞
∑

s=1

cr+s − k(r − 1)cr, (13)
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Once again approximating these by a continuum limit partial differential equation for

c̃(x, t) = c̃(hr, t) = cr(t) with h� 1 gives

∂c̃

∂t
= h(b− a)

∂c̃

∂x
+

2k

h

∫ ∞

y=x
c̃(y, t) dy − kxc̃

h
. (14)

As with Case I, we expect k to be much smaller than a and b; however, in this case, since

r = x/h and x = O(1), the typical value of the fragmentation term is k/h thus we write

k = h2κ. We seek a steady-state solution for csss(x) = c̃(x, t), which does not depend upon h,

thus we let h→ 0 to eliminate all the higher-order correction terms. Differentiating (14) with

respect to x we obtain the equation

0 = (b− a)
d2csss

dx2
− κx

dcsss

dx
− 3κcsss. (15)

This has the general solution

csss(x) = C1e
−κx2/2(a−b)

(

1 − κx2

a−b

)

+

+C2

[√
2π e−κx

2/2(a−b)
(

1 − κx2

a−b

)

erfi

(

x

2

√

2κ

a−b

)

+ 2x

√

κ

a−b

]

, (16)

where erfi(z) = −i erf(i z) = (2/
√
π)
∫ z
t=0 et

2

dt. As in Case I, since chains grow only when

the end cells divide (which occurs at rate a), but are reduced in length both by shedding

(which occurs at rate b) and by sloughing; we expect a > b in order to maintain a population

of longer chains. If C2 = 0 then the solution has a particularly simple form, which gives a

distribution of chain lengths which decays monotonically with length, and has a maximum

length of xmax =
√

(a− b)/κ.

2.4 Case IV

This scenario is a combination of the two previous cases, in that both chain growth and

chain fragmentation are proportional to chain length. The appropriate differential difference

equations are

ċr = a(r − 1)cr−1 − arcr − bcr + bcr+1 + 2k
∞
∑

s=1

cr+s − k(r − 1)cr, (17)

The approximation to the steady state distribution csss(x) is

0 = [(h2b− ahx)csss(x)]′′ − kxcsss′(x) − 3kcsss(x), (18)

thus we choose a = hα and k = h2κ. The general solution is then

csss(x) = C1M

(

3, 2 +
κb

α2
,
κ

α

(

b

α
− x

))

+ C2U

(

3, 2 +
κb

α2
,
κ

α

(

b

α
− x

))

. (19)

Here the functions M(·, ·, z) and U(·, ·, z) are Kummer’s hypergeometric functions, see

Abramowitz & Stegun [1] for details. As with all the cases, our choice of parameters and

boundary conditions will greatly influence the complexity of the resulting distribution. For

example if the second argument is twice the first, then there are simplifications whereby M

and U can be written in terms of Bessel functions (see Section 13.6 of [1]). More simply, if

α2 = bκ then M(3, 3, z) = ez; the solution with C2 = 0 has the form c̃(x) = C1e
1−κx/α. In

this case there is no maximum chain length.
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2.5 Comparing the four cases

We now have four distinct second order differential equations representing the steady state

distributions of chain lengths in each case. Since we do not have the appropriate data to

provide numerical values for a, b or k, we here illustrate qualitatively the forms of solutions to

these equations to show that the four cases give rise to distributions which are clearly different

shapes. We want csss(xmax) = 0 where xmax is some upper limit on chain lengths; in a couple

of cases we have seen that xmax is finite, and in other cases infinite. For the cases where xmax is

finite, we take it to be 10 and choose the amplitude scaling such that the largest concentration

is approximately unity.
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Figure 3: Graphs of the steady-state size distribution csss(x) againts x. (a) Case I, solution

to Equation (8) with a = 10, b = 0, κ = 1, csss(1) = 1, csss(3) = 0. (b) Case II, solution to

Equation (12) with α = 5, b = 0, κ = 1, csss(0.1) = 1, csss(3) = 0. (c) Case III, solution to

Equation (16) with a = 5, b = 0, κ = 1, csss(1) = 1, csss(3) = 0. (d) Case IV, solution to

Equation (19) with α = 5, b = 0, κ = 1, csss(0.1) = 1, csss(3) = 0.

In Figure 3 we illustrate the simple case where there is chain growth and sloughing, but

no shedding. It must be remembered, however, that each of these parameters are scaled

differently with h in each case so that they are not in fact equivalent parameters; they are

chosen simply to demonstrate the different resulting distributions. We see that Cases II and

IV are very similar, but that Cases I, II and III are all produce distinctly shaped distributions.

We see in Figure 4 that a variety of differently-shaped distributions are produced by

the models, suggesting that if the appropriate experimental data were available, it would

be possible to eliminate some models, and hence those mechanisms of growth and sloughing

involved could be identified. Comparing Figures 3 and 4 shows the effect of shedding. As

expected, shedding reduces the frequency of long chains and increases the frequency of shorter
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Figure 4: Replotting the steady-state distributions csss(x) against x as in Figure 3 but now

with b non-zero to see the effect of shedding. (a) Case I, solution to Equation (8) with a = 10,

b = 3, κ = 1, csss(1) = 1, csss(3) = 0. (b) Case II, solution to Equation (12) with α = 5,

b = 0.3, κ = 1, csss(0.1) = 1, csss(3) = 0. (c) Case III, solution to Equation (16) with a = 5,

b = 3, κ = 1, csss(1) = 1, csss(3) = 0. (d) Case IV, solution to Equation (19) with α = 5,

b = 0.3, κ = 1, csss(0.1) = 1, csss(3) = 0.

chains - this is most apparent in cases I, II and IV. The change in shape of Case III is most

surprising. It is partly due to the choice of normalisation, we have chosen to use csss(1) = 1

and csss(3) = 0 for both b = 0 and b > 0 whereas, in the presence of shedding (b > 0), we

might expect the distribution to reach zero concentration at a lower value of chain length, x.

In three of the four cases we have studied, there is a particularly simple solution. In Cases

I, II and IV we have the steady-state solutions

csssIr = Cr(2a− 2b− kr)e−kr/(a−b), (20)

csssIIIr = C

(

1 − kr2

a− b

)

e−kr
2/2(a−b), (21)

csssIVr = Ce1−kr/a (22)

with the solution for Case IV only being valid if a2 = bk. These special solutions are illustrated

in Figure 5.
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Figure 5: The special solutions (8), (16) and (19) in the cases C2 = 0. Parameter values:

b = 1 in all cases; a = 2 for Cases I and II, a = 10−2 for Case IV; k = 10−4 for Cases

III and IV, k = 0.02 for Case I; in each case the constant C is chosen to give a maximum

concentration of approximately unity. The non-monotone curve corresponds to Case I, Case

III is the other curve which has zero concentration at r = 100, and the exponentially decaying

curve corresponds to Case IV.

3 Porous medium model of a growing biofilm

3.1 Introduction

In this section we present a model of a growing biofilm, find its growth rate, and investigate

the development of spatial inhomogeneities at its surface. It has been observed that if a biofilm

grows in the presence of a shear flow at its surface then its shape depends on the shear rate.

If the flow is slow then mushroom-like structures will develop at the biofilm surface. With a

fast flow the surface of the biofilm is approximately flat. We hypothesize that the mechanism

for the mushroom development may be as follows: if there is a region of the biofilm surface

that is higher than the surrounding area, then this region will receive more nutrient as it is

closer to the bulk flow supplying the nutrients. In turn this leads to a faster cell-division rate

in the region, and hence the biofilm grows even taller in that region when compared to the

surrounding area, which is also growing, but at a slower rate. If the bulk flow is faster then

the nutrients are better mixed over the biofilm surface, leading to a more even growth rate.

To investigate the effect of the flow rate over the biofilm on the shape of the biofilm,

we develop and analyse a two-dimensional model of a growing biofilm. We follow the model

of [11] by treating treat the biofilm as a porous solid, and we assume that the growth rate is

controlled by a single substrate, which diffuses through the biofilm. Far from the biofilm the

flow is constant and parallel to the substratum and the substrate concentration is constant.

A diagram indicating the main features of the model is shown in figure 6.

We assume that the substratum on which the biofilm develops is at z∗ = 0 (stars denote

dimensional variables), and that the biofilm occupies the region 0 < z∗ < h∗(x∗, t∗). We treat

the biofilm as a porous solid filled with incompressible fluid of viscosity µ∗, Darcy velocity u∗
b

and pressure p∗b , and assume that within the biofilm the bacterial cells and EPS matrix occupy
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Bottom boundary:

No slip velocity
No nutrient flux

Mismatch in tangential velocity component proportional
Continuous normal velocity component

Matching at biofilm boundary:
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Continuity of nutrient concentration
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Advection and diffusion of nutrient
Incompressible Stokes flow in fluid

Mixing region:

Bulk fluid:

Constant horizontal velocity
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z∗ = 0

Substratum

z∗ = h∗(x∗, t∗)

Bulk fluid
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Mixing region

z∗

x∗

z∗ = H∗

+ h∗(x∗, t∗)

Darcy model for incompressible fluid flow in porous
medium
Nutrient diffusion and uptake by bacteria

Biofilm:

Bacteria and EPS occupy a constant volume fraction

Figure 6: Model set up
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a constant volume fraction, β. Thus the actual fluid velocity in the pores is u∗
b/(1 − β), and,

using the Darcy model, we obtain

u∗
b = −(k∗/µ∗)∇∗p∗b , (23)

∇
∗ · u∗

b = 0, (24)

where k∗ is the permeability of the biofilm. We assume that the cells consume nutrient at

a rate proportional to the amount of nutrient available (this is true only for small nutrient

concentrations). The nutrient is also diffused and advected within the biofilm, so

(1 − β)D∗∇∗2c∗b = u∗
b · ∇∗c∗b + β(1 − β)f∗c∗b , (25)

where c∗b is the nutrient concentration in the fluid contained in the pores of the biofilm,

D∗ is the diffusion constant and f∗ is a constant measuring the nutrient consumption rate,

and depends on the species of bacteria. At z∗ = 0 we assume no flux of nutrient into the

substratum, so ∂c∗b/∂z
∗ = 0, and that there is no flow into the substratum, so w∗ = 0.

Above the biofilm we consider a mixing region filled with the fluid, in which we assume

that the flow, with velocity u∗
f and pressure p∗f , is sufficiently slow that we may neglect inertial

terms, and thus

∇
∗p∗f = µ∗∇∗2u∗f (26)

and

∇
∗ · u∗

f = 0. (27)

The substrate is advected and diffused through this layer, so

u∗
f · ∇∗c∗f = D∗∇∗2c∗f , (28)

where c∗f is the concentration of substrate. In the bulk fluid far from the biofilm, we assume

there is a constant flow with constant velocity, u∗0, in the x-direction and substrate concentra-

tion, c∗0. We assume that this persists for z∗ > h∗ +H∗, where H∗ is some arbitrarily chosen

height, which provides us with boundary conditions at the top of the mixing region.

At the boundary of the biofilm mass conservation implies n · u∗
f = n · u∗

b , where n is a

unit vector normal to the surface. In the tangential direction, we assume that the difference

in tangential velocities across the interface is proportional to the shear stress, so that

t · (u∗
f − α∗n · ∇∗u∗

f ) = t · u∗
b , (29)

where α∗ is constant proportional to
√
k∗ [4]. We also apply continuity of the nutrient concen-

tration, and conservation of the nutrient itself, meaning that c∗f = c∗b andD∗n·∇∗c∗f−n·u∗
f c

∗
f =

(1 − β)D∗n · ∇∗c∗b − n · u∗
bc

∗
b at the boundary of the biofilm.

Finally, we assume that the rate of cell division is proportional to nutrient uptake, and

that the cells maintain a constant volume fraction of the biofilm as they divide. Thus

∂h∗

∂t∗
= g∗

∫ h∗

0
β(1 − β)f∗c∗ dz∗,

for some constant g∗. Table 1 shows typical values of the parameters to be used in the model.
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Parameter Description Value

D∗ Diffusion coefficient of oxygen in water at 20◦ C 2.0 × 10−9 m2 s−1

µ∗ Viscosity of water at 20◦ C 1.002 × 10−3 kg m−1 s−1

β Volume fraction of bacteria 0.6

u∗0 Flow speed in bulk 4 × 10−4 m s−1

f∗ Rate of oxygen consumption by bacteria 0.2 – 1.1 s−1 [20]

h∗ Height of well-developed biofilm 7 × 10−5 m

c∗0 Concentration of oxygen in the bulk 10−3 kg m−3

r∗ Maximum cell division rate 10−4 s−1

Table 1: Typical values of dimensional parameters.

3.2 Nondimensionalisation of model equations

We nondimensionalise lengths with respect to H∗, times with respect to H∗/u∗0, velocities

with respect to u∗0, pressures with respect to µ∗u∗0/H
∗, and concentrations with respect to c∗0.

Thus

x∗ = H∗x, z∗ = H∗z, h∗ = H∗h, t∗ =
H∗

u∗0
t,

u∗i = u∗0ui, w∗
i = u∗0wi, p∗i =

µ∗u∗0
H∗ pi, c∗i = c∗0ci.

where i is either b or f . Letting

D =
D∗

H∗u∗0
, k =

k∗

H∗2 , f =
H∗β(1 − β)f∗

u∗0
, α =

α∗

H∗ , g =
H∗β(1 − β)c∗0f

∗g∗

u∗0
,

we obtain the governing equations

ub = −k∇pb, ∇ · ub = 0, (1 − β)D∇2cb = ub · ∇cb + fcb, (30)

∇2uf = ∇pf , ∇ · uf = 0, D∇2cf = uf · ∇cf . (31)

These are to be solved subject to the boundary conditions ub = wb = ∂cb/∂z = 0 at z = 0

and uf = 1, wf = 0, cf = 1 at z = h + 1. At the biofilm boundary, z = h, we require the

matching conditions

n · uf = n · ub, t · (uf − αn · ∇uf ) = t · ub,
cf = cb, n · (D∇cf − ufcf ) = n · ((1 − β)D∇cb − ubcb) , (32)

where n and t are unit vectors normal and tangential to the biofilm surface respectively. The

biofilm growth rate is now given by

∂h

∂t
= g

∫ h

0
c dz. (33)

3.3 Basic state

Equations (30) and (31) admit an x-independent solution as follows:

ub = wb = 0, cb =
cosh γz

cosh γh+ γ(1 − β) sinh γh
, (34)

uf =
z + α− h

1 + α
, wf = 0, cf =

cosh γh+ γ(1 − β)(z − h) sinh γh

cosh γh+ γ(1 − β) sinh γh
, (35)
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Figure 7: Sketch graphs of the flow rate and nutrient concentration in the x-independent state

of the biofilm.

where γ =
√

f/(1 − β)D. Sketch graphs of this solution are shown in figure 7. The velocity

is horizontal and has a linear shear in the mixing region and no flow in the biofilm. The

concentration profile follows a linear profile in the mixing region, and decreases more slowly

within the biofilm. The growth rate of the biofilm is given by the solution of

∂h

∂t
=
g

γ

(

sinh γh

cosh γh+ γ(1 − β) sinh γh

)

. (36)

Thus if h � γ−1 the biofilm grows approximately exponentially according to h ≈ h0e
gt for

some constant h0. For larger heights h � γ−1 there is linear growth according to h ≈
h̃0 + gt/(γ(1 + (1 − β)γ)) where h̃0 is constant. Using the parameter values in table 1 and

H∗ equal to a typical biofilm height, i.e. 70µm, gives γ ≈ 0.54, and to estimate g we assume

that the nutrient concentration in the bulk, c∗0, is just sufficient to enable the cells to divide

at their maximum rate. This gives g = H∗r∗/u∗0, where r∗ is the maximum division rate,

which is approximately 1.75×10−5 for the given parameter values. Note that the value of γ is

independent of the flow rate, u∗0, and thus the flow only affects the value of dh∗/dt∗ through

the value of g, which is proportional to 1/u∗0. Graphs of the growth rate are shown in figure 8

for various values of γ, which show approximately exponential growth for small values of h

and linear growth for large h.
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Figure 8: Graph showing the growth rate of the biofilm against height of biofilm for various

values of γ with g = 1.75 × 10−5.

3.4 Perturbations to the basic state

We now find the stability of this solution to a small perturbation of height εeiλx + c.c., where

λ ∈ C, c.c. denotes the complex conjugate and ε� 1. We seek a solution of the form

h = h0 + ε(eiλx + c.c.),

ub = ε(ub1e
iλx + c.c.), wb = ε(wb1e

iλx + c.c.), cb = cb0 + ε(cb1e
iλx + c.c.),

uf = uf0 + ε(uf1e
iλx + c.c.), wf = ε(wf1e

iλx + c.c.), cf = cf0 + ε(cf1e
iλx + c.c.),

where h0, cb0, uf0 and cf0 are the basic state solutions, given in (34)–(35), with h replaced by

h0, and ub1, wb1, cb1, uf1, wf1 and cf1 are functions of z and t only.

The equations (30)–(31) give rise to the following system at O(ε):

∂ub1
∂z

− iλwb1 = 0, iλub1 +
∂wb1
∂z

= 0, (1 − β)D

(

∂2cb1
∂z2

− λ2cb1

)

=
∂cb0
∂z

wb1 + fcb1, (37)

∂

∂z

(

∂2uf1

∂z2
− λ2uf1

)

− iλ

(

∂2wf1

∂z2
− λ2wf1

)

= 0, iλuf1 +
∂wf1

∂z
= 0,

D

(

∂2cf1

∂z2
− λ2cf1

)

= iλuf0cf1 +
∂cf0

∂z
wf1. (38)

At z = 0 the boundary conditions are ub1 = wb1 = ∂cb1/∂z = 0, and at z = 1 + h

uf0 + ε
(

uf1e
iλx + c.c.

)

= ε
(

wf1e
iλx + c.c.

)

= cf0 + ε
(

cf1e
iλx + c.c.

)

= 0,

which gives the boundary conditions at O(ε)

∂uf0

∂z
+ uf1 = wf1 =

∂cf0

∂z
+ cf1 = 0, (39)

at z = 1 + h0. To apply the matching conditions at z = h we note that t = (1, ε(iλeiλx +
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c.c.)) + O(ε2) and n = (−ε(iλeiλx + c.c.), 1) + O(ε2), and the conditions (32) become

ε
(

(−iλuf0 + wf1)e
iλx + c.c.

)

=ε
(

wb1e
iλx + c.c.

)

+ O(ε2),

uf0 − α
∂uf0

∂z
+ ε

(

(uf1 − α
∂uf1

∂z
)eiλx + c.c.

)

=ε
(

ub1e
iλx + c.c.

)

+ O(ε2),

cf0 + ε
(

cf1e
iλx + c.c.

)

=cb0 + ε
(

cb1e
iλx + c.c.

)

,

D
∂cf0

∂z
+ ε

((

iλuf0cf0 +D
∂cf1

∂z
− cf0wf1

)

eiλx + c.c.

)

=(1 − β)D
∂cb0
∂z

+ ε

((

(1 − β)D
∂cb1
∂z

− cb0wb1

)

eiλx + c.c.

)

+ O(ε2),

and at O(ε) this gives the matching conditions

−iλuf0 + wf1 =wb1, (40)

∂uf0

∂z
− α

∂2uf0

∂z2
+ uf1 − α

∂uf1

∂z
=ub1, (41)

∂cf0

∂z
+ cf1 =

∂cb0
∂z

+ cb1, (42)

D
∂2cf0

∂z2
+ iλuf0cf0 +D

∂cf1

∂z
− cf0wf1 =(1 − β)D

∂2cb0
∂z2

+ (1 − β)D
∂cb1
∂z

− cb0wb1, (43)

at z = h0.

From the O(ε) contributions to equation (33) we may now calculate the growth rate of the

perturbation in h, which is governed by

∂ε

∂t
= Gε,

to O(ε), where the growth rate,

G = g

(

cb0|z=h0
+

∫ h0

0
cb1 dz

)

.

Solving (37a) and (37b) and applying the bottom boundary condition gives no flow in the

biofilm, i.e. ub1 = wb1 = 0. The equation (37c) together with the bottom boundary condition

gives

cb1 = C cosh(
√

γ2 + λ2z),

where C must be determined by matching to the concentration profile in the mixing layer,

and thus

G = g

(

cosh γh0

cosh γh0 + γ(1 − β) sinh γh0
+
C sinh(

√

γ2 + λ2h0)
√

γ2 + λ2
.

)

(44)

Equations (38a) and (38b) have solution

wf1 = (A1 +A2z) e
−λz + (A3 +A4z) e

λz,

uf1 =i

(

−A1 −A2z +
A2

λ

)

e−λz + i

(

A3 +A4z +
A4

λ

)

eλz,
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Figure 9: (a) Growth rate of perturbation as a function of its wavenumber using u∗0 = 4 ×
10−4 m s−1. (b) Graph showing the maximum growth rate over λ against the bulk flow rate.

For both these graphs we used β = 0.6, h0 = 1, α = 1, D = 0.071, γ = 0.54, g = 1.75 × 10−5,

λ∗ = λ/H∗ and G∗ = Gu∗0/H
∗.

where the constants Ai may be determined by applying the boundary conditions (39), (40)

and (41). Finally cf1 satisfies the linear second order ODE

D
∂2cf1

∂z2
−
(

Dλ2 + iλ
z + α− h0

1 + α

)

cf1

=
γ(1 − β) sinh(γh0)

cosh(γh0) + γ(1 − β) sinh(γh0)

(

(A1 +A2z)e
−λz + (A3 +A4z)e

λz
)

(45)

together with the boundary conditions

∂cf1

∂z
− (1 − β)

√

γ2 + λ2 tanh
(

√

γ2 + λ2h0

)

cf1

=
(1 − β)γ2 cosh(γh0) − γβ(1 − β)

√

γ2 + β2 tanh(
√

γ2 + λ2h0) sinh(γh0)

cosh(γh0) + γ(1 − β) sinh(γh0)
at z = h0,

cf1 = − γ(1 − β) sinh(γh0)

cosh(γh0) + γ(1 − β) sinh(γh0)
at z = 1 + h0.

Solving equation (45) yields the value of C, which in turn enables the growth rate to be found

from equation (44).

3.5 Discussion

We solve equation (45) numerically to find the growth rate of the biofilm. The parameter

values provided in table 1 give D ≈ 0.071 and γ ≈ 0.54, and as before we approximate g by

H∗r∗/u∗0 ≈ 1.75× 10−5. The value of α was not found to affect the growth rates significantly;

for convenience we set α = 1. Note that the permeability, k, does not affect the growth rate.

A graph of the biofilm growth rate against the wavenumber, λ, is shown in figure 9(a). The

growth rate is everywhere positive, indicating that the flat state is unstable to perturbation of

any wavelength. The growth rate attains its minimum value at λ∗ = 0, and increases to a finite

maximum before slowly decreasing as λ∗ increases further. Once the flat state is perturbed

the instability will continue to grow until our assumption that ε� 1 is no longer valid. After
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this the evolution will be determined by the nonlinear terms that we neglected in the above

analysis. Finding the exact structure would involve solving the equations (30) and (31) in two

dimensions, which is beyond the scope of this report.

The graphs in figure 9(b) show that the maximum growth rate of the perturbations de-

creases slightly as u∗0 increases. This may indicate that the biofilm surface could be more

uneven if the flow rate is slow, which would agree with observations and with our hypothesis.

4 The effects of flow and nutrient transport on biofilm mor-

phology

We construct a model of biofilm formation by modifying Mimura,-Sakaguchi- Matsushita’s

bacterial colony model (MSM model) [17]. MSM model is originally designed for reproducing

the various pattens of bacterial colonies on the agar plate. Thus, it is a 2 dimensional model

defined on x-y plane (horizontal plane). Here we regard this model as defined on x-z plane

(vertical plane). It is straight forward to extend it to a 3 dimensional model, although it is

not shown in this report. Our model includes 3 variables c, u and v.

c : concentration of nutrient

u : concentration of active bacteria in biofilms

v : concentration of dormant bacteria (plus EPS)

The model equations are

∂c

∂t
= ∇ · (Dc(v)∇c) − αcu+ r(v)f(z)(c̄− c),

∂u

∂t
= ∇ · (Du(v)∇u) + cu− β(c)u,

∂v

∂t
= β(c)u,

where the functions Dc(v), Du(v) and r(v) are of similar form such as ae−bv (a, b : posi-

tive constant). The function β(c) gives the conversion rate from active bacteria to dormant

bacteria, which includes the switching mechanism controlled by the concentration of nutrient.

The last term of the right hand side of the first equation indicates a supply of nutrient

by the fluid flow (c̄ is a concentration of the nutrient in the upwind region). In the absence

of this term, this equation simply gives a description of the diffusion limited growth which is

quite similar to the phase field model of diffusion limited crystal growth. Therefore, a cellular

growth pattern is expected, which implies the formation of pillar structure in this case.

Because the flow rate is larger in the distant area from the substrate, the situation there

is less “diffusion limited” than the neighbour of the substrate. The function f(z) gives a

phenomenological evaluation of the influence of flow, which is increasing and f(0) = 0. Under

the existence of nutrient supply by flow, the pillars become fat as they grows, finally they

merge together.
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Figure 10: The left panel shows a pillar structure which is obtained by the simulation without

fluid flow, while the right panel presents merged pillars induced by the influence of the fluid

flow. Red region (or, in black and white, dark grey region on top of the pillar) is a u-rich

region, green region (the pale grey pillars) is a v-rich region, and grey level (grey shades above

and between pillars) indicates the level of w.

5 Modelling the role of quorum sensing in biofilm detachment

5.1 Introduction

The structure of biofilms, at least in an experimental set up, broadly consists of bacteria

(living and dead), exo-polysaccharide (or EPS, a matrix structure that provides structural

integrity to the biofilm) and water. Within the biofilm, individual bacteria are usually sessile,

lacking a flagellum (so they cannot swim) and are held fast by the EPS structure. In mature

biofilms, cells on the surface can become planktonic enabling them to escape and swim in the

surrounding media, enabling the bacteria to colonise new sites. What triggers this change

of phenotype on surface bacteria seems to depend on the species. It is probable, that the

detachment process is one of the main reasons why biofilms seem to grow to a maximal depth.

For Rhodobacter sphaeroides the expression of the planktonic phenotype may be regu-

lated by a cell-cell signalling process called quorum sensing (QS). In brief, QS involves the

release into the environment of a diffusible molecule (AHL, sometimes called an autoinducer),

which can form a complex with a cognate protein, sited within the bacteria’s cytoplasm,

which can then bind to a site on the DNA (called the lux-box). An occupied lux-box enables

the expression of a number of genes down-stream along the DNA, up-regulating the produc-

tion of a number of enzymes and proteins that enhances significantly the production rate

of AHLs (hence the monicker autoinducer) and induce changes in the bacteria’s phenotypes;

these enzymes and proteins will not be produced if the lux-box is empty. In R. sphaeroides,

up-regulation through QS has the effect of reducing their propensity to aggregate, enabling

planktonic cells to disperse from a biofilm; strains lacking a functioning QS apparatus form

non-motile sticky clumps [21]. In practice, a bacterial colony with a small population density

will be in the “down-regulated mode” and at high density the cells will be predominantly

“up-regulated”; as the population increases density, the transition from a “down-regulated”

population to one which is “up-regulated” tends to be very rapid in comparison to the rate of
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population growth.

In biofilms, AHLs will be lost to the outside media via diffusion through the surface and

they will therefore accumulate most in the inner regions. For R. sphaeroides, this would

suggest that the inner cells will be switching to the planktonic form, however, this would be a

waste of energy as the EPS will prevent them from swimming anywhere. This would suggest

that signals other than QS are needed to trigger planktonic activation in R. sphaeroides,

basically something to tell the bacteria whether they are close to the surface or not. In the

modelling below, we investigate the role of nutrient as a possible secondary regulating signal.

The issues to be investigated are

• The role of quorum sensing and nutrients in bacterial escape from the biofilm.

• Whether detachment through phenotypic change to planktonic cells can limit the biofilm

depth as seems to be observed in experiments.

5.2 Mathematical modelling

For simplicity, the model will be one-dimensional, in which the biofilm is defined to be in the

region 0 ≤ z ≤ h(t), where z = h(t) is the moving coordinate of the biofilm surface (see Figure

11).

fluid media

� � � � � � � � � � � � � �
� � � � � � � � � � � � � �
� � � � � � � � � � � � � �
� � � � � � � � � � � � � �z = 0

z = h(t)

biofilm

substratum

Figure 11: Schematics of the 1-D depth based biofilm model.

The biofilm consists of bacteria, water and EPS. Again, for simplicity, we will assume that the

volume fraction of bacteria within the biofilm will be kept constant,2 namely φ (φ ∈ (0, 1]).

The bacteria consists of three sub-populations:

n(z, t) : volume fraction of down-regulated bacteria,

q(z, t) : volume fraction of up-regulated, but non-planktonic, bacteria,

p(z, t) : volume fraction of up-regulation and planktonic bacteria,

such that

n + q + p = φ. (46)

The transitions between sub-populations is dependent on the AHL concentration, a. AHLs

are produced by all cells, but at a significantly low rate by the down-regulated bacteria.

Up-regulated cells can spontaneously down-regulate, reflecting decomposition of the lux-box

bound complex; planktonic individuals are assumed to lose the flagellum when this occurs.

These assumptions are based on an earlier work [25]. Non-planktonic cells require nutrients

2The timescale for change of phenotype is 10 minutes, whereas the timescale for division is every hour, so

this is not unreasonable as a first approximation.
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(concentration c) to become planktonic and the reverse process occurs spontaneously. Bacte-

rial growth and cell division is governed by the concentration of nutrients, which is assumed

to be fixed in the fluid media and diffuses into the biofilm and is consumed by the bacteria.

This growth generates cell movement described by the advective velocity v. Assuming on the

timescale of interest (bacterial doubling time, i.e. about an hour), the diffusion rates of c and

a far exceed that of transport via advection, the model is thus

∂n

∂t
+
∂(vn)

∂z
= fb(c) (n+ (2 − γ)q + (2 − γ)p) − αan + β(q + p), (47)

∂q

∂t
+
∂(vq)

∂z
= (γ − 1)fb(c) q − fp(c)q + αan − βq + δp, (48)

∂p

∂t
+
∂(vp)

∂z
= (γ − 1)fb(c) p + fp(c)q − δp − βp, (49)

0 = Da
∂2a

∂z2
+ κu(p+ q) + κn n − αan − λa, (50)

0 = Dc
∂2c

∂z2
− φfc(c), (51)

∂v

∂z
= fb(c), (52)

where (52) was derived from summing (47)-(49) using (46). The exact functional forms of

fb(c) and fp(c) are not known, although we expect both to be monotonically increasing in c.

In the simulations to follow we used fb(c) = fb0c and fp(c) = fp0c
m/(cmp + cm), where the

latter function is chosen to ensure the switching to planktonic state occurs near the surface.

The constant γ (where γ ∈ [0, 2]) in the birth rate terms is the average number of occupied lux-

boxes on the two chromosomes following cell-division of up-regulated cells; γ = 1 represents

one occupied and one empty lux-box (which, for simplicity, will be henceforth adopted), whilst

γ = 0 implies the complex on the occupied lux-box is broken-down during the replication

process. The nutrient and AHL molecules are assume to diffuse freely across the bacterial

membrane. The initial and boundary conditions are

t = 0 n = φ, p = 0, q = 0, h = H0

z = 0
∂c

∂z
=
∂a

∂z
= v = 0,

z = h(t)
dh

dt
= v − σp, Da

∂a

∂z
= −Qa, c = c0.

The initial population is assumed to consist of entirely down-regulated cells and the rate of

biofilm growth is equal to the surface velocity minus the volume lost through cell detachment.

5.2.1 Non-dimensionalisation

We write

t =
t̂

fb0c0
, z = H0 ẑ, c = c0 ĉ, a =

κuH
2
0

Da
â, v = H0fb0c0 v̂, h = H0 ĥ

ε =
κn
κu
, α̂ =

ακuH
2
0

Dafb0c0
, β̂ =

β

fb0c0
, δ̂ =

δ

fb0c0
, µ =

αH2
0

Da
, λ̂ =

λH2
0

Da
,

ĉp = cp/c0, η =
fp0
fb0c0

(

1 +
cmp
cm0

)

, ρ =
fc0H

2
0

Dc
, σ̂ =

σ

H0fb0c0
, Q̂ =

QH0

Da
,
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hence f̂p(ĉ) = η(1+ ĉmp )ĉm/(ĉmp + ĉm). Here time has been scaled to the maximum cell division

rate fb0c0 (roughly an hour), depth has been scaled with the initial depth and n, q, p have

remained unscaled so that the role of bacterial cell volume fraction, φ, on biofilm development

is made explicit. These rescalings lead to, on fixing γ = 1,

∂n

∂t
+
∂(vn)

∂z
= φc − αan + β(q + p), (53)

∂q

∂t
+
∂(vq)

∂z
= − fp(c)c q + αan − βq + δp, (54)

∂p

∂t
+
∂(vp)

∂z
= fp(c)c q − (δ + β)p, (55)

0 =
∂2a

∂z2
+ q + p + ε n − µan − λa, (56)

0 =
∂2c

∂z2
− φρc, (57)

∂v

∂z
= c, (58)

where the hats have been dropped for clarity. We note that n + p + q = φ can be used to

eliminate one of the bacterial sub-populations from the system. The dimensionless initial and

boundary conditions are

t = 0 p = 0, q = 0, h = 1,

z = 0
∂a

∂z
=
∂c

∂z
= v = 0,

z = h(t)
dh

dt
= v − σp, c = 1,

∂a

∂z
= −Qa.

Solving for c and v gives

c =
cosh(

√
φρ z)

cosh(
√
φρh(t))

, (59)

v =
sinh(

√
φρ z)√

φρ cosh(
√
φρ h(t))

, (60)

and the biofilm will grow according to

dh

dt
=

1√
φρ

tanh
(

√

φρh(t)
)

− σp. (61)

We note that in the absence of planktonic cell escape (σ = 0), equation (61) is equivalent

to equation 36 in Section 3, the difference being due to the presence of the mixing layer in

the earlier model. For σ = 0, the biofilm will have an initial phase of accelerated growth

(exponential if φρ� 1), becoming linear h ∼ t/
√
φρ as t→ ∞; integration gives the solution

for h(t)

h(t) =
1√
φρ

sinh−1(sinh(
√

φρ) et).

5.3 Numerical results and analysis

The system (53)-(61) is approximated numerically using a finite-difference predictor-corrector

type scheme, with the moving domain mapped to the unit interval using the translation

z = Zh(t). A number of simulations were performed and Figures 12 and 13 are representative.
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Figure 12: Plots of the biofilm depth against time for various σ (left) and total up-regulated

cell fraction against time. The parameters used are φ = 0.8, ε = 10−6, α = 1, β = 0.2, µ =

0.1, λ = 0.01, δ = 1, ρ = 0.1, η = 1, cp = 0.8,m = 4 and Q = 10.

Figures 12 demonstrates the role of σ on the biofilm depth and the total up-regulated cell

fraction against time. Without planktonic escape (σ = 0) the biofilm will grow linearly, and

this growth is maintained as σ increases; however, there appears to be critical value (σ ≈ 30)

above which the planktonic escape rate far exceeds that of birth and biofilm extinction will

result in finite time. This indicates the existence of a structurally unstable steady-state at

the threshold value of σ; this is demonstrated in the analysis of Section 5.3.1 for a limiting

case of the model. The rapid jump around t = 4 of the total up-regulated cell fraction U(t),

calculated using the formula

U(t) =

∫ H(t)
0 (p+ q) dz

φh(t)
,

is characteristic of QS behaviour; where there is a delay before high QS activity occurs. It is

due to this delay that the biofilm growth curves are all initially the same. Determining the

timescale for substantial up-regulation is discussed in Section 5.3.2.

Figure 13 show the distribution and evolution of the main variables for a slow growth

case (σ = 30). The top left plot shows the distribution of the sub-population densities in a

mature biofilm. Due to the high AHL concentration and low nutrient concentration, nearly all

cells are up-regulated and non-planktonic away from the surface. At the surface the nutrient

concentration enables the switch to the planktonic phenotype, and with the relatively low AHL

concentration the combination of spontaneous down-regulation β > 0 and cell birth means

that there is also a non-negligible fraction of down-regulated cells present. The top right figure

reveals a very rapid jump in AHL concentration throughout the biofilm corresponding to the

time of the rapid jump in U(t). The accumulation near the base of the biofilm is to be expected

and the large drop towards the surface is due to the relatively large mass transport constant

Q, meaning AHLs readily escape into the environment. The drop in nutrient concentration

towards the base is due to consumption by the cells near the surface and the increasing velocity

reflects the increasing birth rate at the surface.

5.3.1 Fully up-regulated, small-depth limit

As suggested by the numerical results above that biofilm will eventually grow linearly (as a

travelling wave) or vanish in finite-time; a structurally unstable steady-state appears to lie

at the bifurcation between these two outcomes. Demonstrating this analytically on the full
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Figure 13: Plots of the sub-population distribution at t = 1000 (top left) and of the evolution of

AHL concentration (top right), nutrient concentration (bottom left) and velocity distribution

(bottom right) for the slow growth case, σ = 30, with all other parameters as given in the

caption of Figure 12.

system (53)-(58) is difficult, but progress can be made when considering a near fully up-

regulated biofilm with large AHL concentration (a� 1), for which the leading order balance

of (53) gives

αan ∼ φc+ β(q + p),

and a small depth (specifically φρH2 � 1, so negligible nutrient is consumed), so that

c ∼ 1,

throughout the biofilm. Since q ∼ φ− p and from (58) v ∼ z, the system reduces to

∂p

∂t
+ z

∂p

∂z
= η φ − ψp, (62)

dH

dt
= H − σp(H, t), (63)

at leading order, where ψ = η+δ+β+1. Using, for generality, the initial conditionsH(0) = H0

and p(z, 0) = p0(z), these equations have solutions

p = p∞ + (p0(ze
−t) − p∞)e−ψt,

H = (H0 − σp∞)et + σp∞ − et
∫ t

0

(

p0(He
−τ ) − p∞

)

e−(ψ+1)τ dτ

where p∞ = φη/ψ. Since p0 ∈ [0, φ] we can deduce the following bound on H(t),

(H0 − σp∞)et + σp∞ − (φ− p∞)

ψ + 1
e−ψt ≤ H(t) ≤ (H0 − σp∞)et + σp∞ +

p∞
ψ + 1

e−ψt;

hence, H(t) will grow exponentially if H0 > σp∞ (the small-depth limit will breakdown when

φρH2 ∼ 1) or will become zero in finite time if H0 < σp∞; p = p∞ and H = σp∞ being the

structurally unstable steady-state solution for this limit.
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5.3.2 A sufficient condition for up-regulation in the limit ε→ 0

Exploiting the fact ε � 1, a sufficient condition for up-regulation in terms of the model

parameters can be deduced for the case of no AHL escape to the surrounding media (i.e.

Q = 0). For t = O(1), we consider expansions of the form p = εp† ∼ εp†0, q = εq† ∼ εq†0,c =

φ− εn† ∼ φ− εn†0 and a = εa† ∼ εa†0, which gives to leading order as ε→ 0,

∂n†0
∂t

+
∂(vn†0)

∂z
= φαa†0 − βn†0, (64)

∂2a†0
∂z2

= −φ − n†0 + (µφ+ λ)a†0, (65)

where n†0 = p†0 + q†0, subject to n†0(z, 0) = 0 and
∂a†

0

∂z = 0 on z = 0 and z = H(t). Direct

calculation of n†0 and a†0 is made awkward by the form of v, leading to a non-uniform distri-

bution of n†0 due to additional down-regulated cells being introduced through cell birth (since

γ = 1). However, progress can be made by seeking the average density of up-regulated cells,

N †
0(t)/H(t), where

N †
0(t) =

∫ H(t)

0
n(z, t) dz,

which, from (64), (65) and the boundary conditions, is given by

dN †
0

dt
− ΘbN

†
0 = φ(Θb + β)H, (66)

where

Θb =
φα

µφ+ λ
− β. (67)

Direct integration of (66) does not seem to be achievable, but we can deduce from (61) that
1√
φρ

tanh(
√
φρ) t ≤ H(t) ≤ 1√

φρ
t, which yields the bound on N †

0 ,

tanh(
√
ρφ)(Θb + β)

Θb

√
φρ

(eΘbt − 1 − Θbt) = N †
0 ≤ N †

0 ≤ N †
0 =

(Θb + β)

Θb

√
φρ

(eΘbt − 1 − Θbt), (68)

and N †
0 → N †

0 as t→ ∞, since H → 1√
φρ
t in this limit. The above expansion will breakdown

when n†0 = O(ε−1), implying an O(1) fraction of up-regulated cells being present; a sufficient

condition for this is the average N †
0/H = O(ε−1). The following can be deduced

Θb > 0: Significant up-regulation will occur, and the average up-regulated cell fractionN †
0/H

= O(ε−1) on a timescale of t ∼ 1
Θb

(ln(1/ε) + ln(ln(1/ε))) as ε → 0. The low AHL

production rate of AHLs by down-regulated cells leads to a delay in noticeable QS

activity within the biofilm; however the exponential increase in up-regulated cell density,

being faster than the linear biofilm growth, leads to the apparent rapid jump in fraction

as depicted in Figure 12 (right).

Θb < 0: In large time N †
0/H → constant, so the average up-regulated cell density will remain

O(ε) for all time. A more sophisticated analysis is needed to show that p + q = O(ε),

everywhere, but numerics support this notion (not shown).

AHL escape to the surroundings Q > 0 is expected to have the effect of increasing the

timescale for up-regulation, but the sufficient condition Θb > 0 is likely to be relevant.
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5.4 Discussion

Presented in this section is a simple model for biofilm growth, quorum sensing and planktonic

cell escape. The results show that the largest AHL build up is near the base and in such

a way that there is a very rapid jump from a population consisting of near entirely down-

regulated cells to one of up-regulated cells and that nutrients can indeed act as a secondary

signalling mechanism for changing to the planktonic form. Furthermore, whether or not

substantial up-regulation can occur is governed by the parameter Θb, which represents a

balance between positive QS mechanisms (i.e. up-regulation reaction rate α) and negative

mechanisms (such as down-regulation rate β, AHL decay λ and AHL loss by complex formation

µ (in dimensionless terms); we note that these parameters are estimatable from routine batch

culture type experiments [25] (although how these relate to the biofilm situation is unclear).

However, the existing model does not predict robustly the eventual limiting of biofilm

depth; the eventual outcomes could be linear growth (cell birth rate exceeds planktonic es-

cape rate) or finite-time extinction (planktonic escape rate exceeds that of birth). Although

simulations involving a slowly growing biofilm reproduce observations reasonably well, the

results are very sensitive to the planktonic escape rate constant σ. The model suggests that

surface escape of planktonic cells alone cannot lead to the observed depth limitations, and

other processes, such as sloughing due to shear forces from the flowing media and/or sporadic

degradation and break-up of EPS structure, may play a part. The model presented here is

simplistic and can be extended to consider explicitly the water phase, shear forces etc. to

model biofilms more realistically; these and other mechanisms will be considered in future

studies.

6 Conclusions

In this report several mathematical approaches have been applied to investigate a number of

aspects of biofilm growth and development. The models described in Sections 3 and 4 are

relevant to general bacterial biofilms, whilst 2 and 5 focussed on aspects more pertinent to

Rhodobacter sphaeroides. The problems can be summarised as follows

Chain formation: The effects of cell division (whether all cells or just the end cells di-

vide) and chain cleavage (whether cleavage is independent of or increases with chain

length) on the steady-state distribution of chain lengths was studied on a Becker-Doring-

Smouchowski system. Depending on the combination of the mechanisms a range of

qualitatively different distributions result. The mechanisms involved, both biological or

physical, are not as yet known; however, comparing chain length distribution data and

the size of fragments shed from chains with results from the model could yield infor-

mation on the mechanical properties of the chain and on the number of bacteria in the

chains which are undergoing replication.

Pillar formation: Nutrient-driven instabilities is a well known phenomenon in pillar (usu-

ally referred to as finger) formation and the analysis in Section 3 suggests that such

instabilities are inevitable in biofilms. In this respect, the elaborate “mushroom-like”

structures that form are to be expected and may occur as a consequence of nutrient

diffusion limitations alone; although other processes are likely to be significant, such

as the flow conditions and EPS production. Furthermore, it is well-known that shear
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forces from the fluid media flow effect the morphological development of the biofilm,

however, as demonstrated in Section 4, the nutrient distribution resulting from different

flow regimes can also have a significant impact on development.

Planktonic cell dispersal and quorum sensing: The modelling demonstrated, as is ob-

served in experiments, that quorum sensing activity is predominant in the substratum

regions (due to greater AHL accumulation there) and a sufficient condition for sub-

stantial QS activity was established (namely Θb > 0). For limiting growth, however,

planktonic cell dispersal alone seems to fail as being the dominant mechanism and other

volume loss mechanisms are likely to be involved. An interesting experiment would be

to investigate whether biofilms of quorum sensing-negative mutants have similar growth

limiting properties to the wild-type strains.

Clearly, there is considerably more work that can be done on these and other aspects of

biofilm development, but it is hoped that the mathematical modelling presented in this report

is instructive and will form the basis of collaborative research in the future.
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