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3.1 Introduction

The urothelium is the highly specialised layer of epithelial cells lining the bladder. It
has to maintain a tight barrier against urea and other toxins while accommodating large
changes in bladder volume. Consequently, when it is damaged, it has to be able to repair
itself rapidly (although under normal conditions there is very low cell turnover rate.)
This is controlled by a balance between cell proliferation and differentiation signalling
pathways. The study group was asked to model some of the chemical reactions which
make up these pathways.

3.1.1 Experimental facts

The experimental results observed by Professor J. Southgate and her group were as
follows. See figure 12 for their results.

• Cultured urothelial cells in vitro naturally exhibit proliferation.

• The cells only exhibit differentiation when a drug called Troglidazone (TZ) (which
mimics the effects of prostaglandins in urine) is administered in the presence of
endothelial growth factor (EGF) blocker.

• The differentiation is observed (through expression of membrane proteins called
uroplakins) after a wait of 4 days for the gene transcription process to take place.

• The TZ and EGF blocker are administered to the cultured cells for a period of time
before being washed off. Less than one hour produces almost no differentiation.
Two hours produces a much greater differentiation response. The response then
increases slowly with application time, until a maximum is reached. More than 24
hours of TZ appears to give a reduced response.

The study group was asked to explain the initial two hour delay.

3.2 The reaction pathway

The steroid TZ is a ligand for the nuclear hormone receptor PPARγ (peroxisome prolif-
erator activating receptor γ). TZ must cross the cell membrane and the cytoplasm and
reach the nucleus, where it binds to and activates PPARγ. Activated PPAR forms a het-
erodimer with RXR (retinoic acid receptor), and this heterodimer can then bind to PPRE
(peroxisome proliferator response element) promoter regions on nuclear DNA. Genes with
PPRE promoter regions are thus ‘turned on’, enabling the production of their respective
mRNA’s. These mRNA’s continue the transcription process, ending up with differentia-
tion (specifically, expression of uroplakins). Phosphorylation of the PPAR-RXR complex
(an event that is downstream of EGF administration) deactivates the complex, however,
inhibiting differentiation. [2, 7, 4]. See figure 13 for a diagram of this process.
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Figure 12: Length of time Troglidazone applied before removal. Vertical axis indicates
percentage of maximum differentiation
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Figure 13: Reaction pathway for PPAR activated differentiation

3.2.1 Variables

The following variables are defined to describe the model:

L : Troglidazone ligand concentration - assumed constant
P : PPAR receptor (inactive) concentration
P+ : PPAR receptor (active) concentration
R : RXR receptor concentration
C : activated PPAR-RXR complex concentration
C∗ : phosphorylated PPAR-RXR complex (inactive) concentration



D : probability that PPRE promoter region on gene is free
A : probability that PPRE is bound to C, A = 1−D
E : EGF concentration.

The reactions are as follows:

L+ P
k1

⇋
k
−1

P+,

P+ +R
k2

⇋
k
−2

C.

We also account for a PPAR-RXR complex binding with the free promoter region

D
k+C
⇋
k
−

A.

In addition we assume that epithelial growth factor leads directly to phosphorylation of
the complex via a sequence of pathways, which we lump into the single reaction

E + C
ke

⇋
k
−e

C∗.

3.2.2 Mathematical model 1

The reactions can be modelled using the law of mass action with differential equations
as follows:

dP+

dt
= k1LP − k−1P

+ − k2P
+R + k−2C, (3.1)

dC

dt
= k2P

+R− k−2C − keEC + k−eC
∗, (3.2)

dC∗

dt
= keEC − k−eC

∗, (3.3)

along with conservation laws

P + P+ + C + C∗ = P0, C + C∗ +R = R0. (3.4)

Finally, we view A as the probability that the PPRE site is bound with complex.
Thus,

dA

dt
= k+C(1− A)− k−A. (3.5)

3.2.3 Simplification 1

The value of A will be considered our ‘output’ variable. The reactions in binding PPAR
and RXR and PPAR ligand are likely to be very fast compared with the transcription
process. Therefore, the differential equations for P+ and C can be assumed to be quasi-
steady. Assuming that EGF is blocked and so E = C∗ = 0, this gives

dA

dt
= k+C(1− A)− k−A, (3.6)

0 = k1L(P0 − C − P+)− k−1P
+, (3.7)

0 = k2P
+(R0 − C)− k−2C. (3.8)



3.2.4 Results 1

Equations (3.7) and (3.8) can be solved to give unique steady state values for C and P+

which gives the equation for A in the form:

dA

dt
= a− bA, (3.9)

where a and b are positive constants. Solving this with the initial condition A(0) = 0, we
find

A =
a

b
(1− e−bt), (3.10)

and the graph of this is shown in figure 14.
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Figure 14: Graph to show result from Model 1

As can be seen from the graph, an initial linear response is observed. This does not
agree with the experimental observation that administering TZ and EGF blocker for one
hour produces differentiation, but for two hours there is a strong response. So, a literature
search was conducted to attempt to find evidence of a feedback system that could give
us this delay.

3.3 Feedback mechanism

In adipocytes, fat cells similar to urothelial cells, the PPRE sites activate a particular
mRNA which produces fatty acid transport protein (FATP) [5]. This could actively
transport the ligand from outside the urothelial cell, all the way in to the nucleus [1, 3].
This creates a positive feeback loop [6]. A second model was constructed, incorporating
this loop. See figure 15.

3.3.1 Variables 2

Le : Extracellular Troglidazone ligand concentration - assumed constant
L : Internal ligand concentration
P : PPAR receptor (inactive) concentration
P+ : PPAR receptor (active) concentration
R : RXR receptor concentration
C : activated PPAR-RXR complex concentration
C∗ : phosphorylated PPAR-RXR complex (inactive) concentration
A : probability that PPRE is bound to C
E : EGF concentration
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Figure 15: Reaction pathway for FATP mediated PPAR activated differentiation

F : FATP concentration
Fm : FATP mRNA concentration.

The reactions are now as follows:

Le
F−→ L,

L+ P
k1

⇋
k
−1

P+,

P+ +R
k2

⇋
k
−2

C,

A−→ Fm,
Fm−→ F,

E + C
ke

⇋
k
−e

C∗.

3.3.2 Mathematical model 2

The system of differential equations therefore becomes



dL

dt
=

VLLeF

KF + Le
− k1LP , (3.11)

dP

dt
= k−1P

+ − k1LP, (3.12)

dP+

dt
= k1LP − k−1P

+ − k2P
+R + k−2C, (3.13)

dFm

dt
= k3A− k−3Fm + ǫ, (3.14)

dF

dt
= k4Fm − k−4F, (3.15)

dC∗

dt
= keEC − k−eC

∗, (3.16)

dA

dt
= k+C(1− A)− k−A, (3.17)

along with conservation laws

P + P+ + C + C∗ = P0, C + C∗ +R = R0. (3.18)

The ODEs were once again obtained using the law of mass action, except for the
movement of PPAR ligand into the cell. This rate would increase with the concentration
of ligand, but is likely to level off, at high values of Le, which is why the first term
in equation (3.11) was used. VL represents the rate of uptake into the cell, KF is the
equilibrium constant for the uptake of TZ by FATP. The small parameter ǫ was added
to equation (3.14) to model a small source term for the production of FATP mRNA.

3.3.3 Simplification 2

The value of F will now be considered our ‘output’ variable, since it is the product of a
mRNA, as would be the next stage in the differentiation pathway. The slowest processes
here are likely to be the production of F from its messenger RNA, and the degradation of
C∗. Thus, we take all other equations to be steady state, giving the two ODEs (3.15,3.16)
subject to

0 = VL
FLe

KF + Le
− k1LP, (3.19)

0 = k1LP − k−1P
+ − k2P

+R + k−2C, (3.20)

0 = k−1P
+ − k1LP, (3.21)

0 = k3A− k−3Fm + ǫ, (3.22)

P0 = P + P+ + C + C∗, (3.23)

R0 = C + C∗ +R, (3.24)

0 = k+C(1− A)− k−A. (3.25)

After simplification, we get

dF

dt
=

k4

k−3

(
k3(R0 − C∗)LfF

LfF (R0 − C∗) +KLfF +KK12

+ ǫ

)
− k−4F, (3.26)

dC∗

dt
=

keLfF (R0 − C∗)E

(K12 + LfF )
− k−eC

∗, (3.27)



where

K =
k−
k+

, K12 =
k−k−2

k2

, Lf =
VLLe

KF + Le

.

3.3.4 Parameter values

Two parameters were obtained from the literature [5]

KF = 0.2 µM, VL = 0.6 fmol/cell/min.

The other parameters were estimated as follows

k4

k−3

= 30, k3 = 0.5 Ms−1, Lf = 0.5 s−1, R0 = 1,

K = 10 M, K12 = 1 Ms−1, ǫ = 10−5 Ms−1, k−4 = 1 s−1,

ke = 20 M−1s−1, k−e = 0.5 s−1.

3.3.5 Numerical results 2

Case 1 - E = 0

This model (3.26,3.27) was simulated in MatLab. The phase portrait for E = 0 can
be seen in figure 16.
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Figure 16: Phase plane portrait for E = 0

Figure 16 displays the steady state at F ≈ 0.45, C∗ = 0. This shows that when
EGF is blocked, there is an output of F . To see a close up view of the fixed point, see
figure 17.

Case 2 - E = 10



0.2 0.3 0.4 0.5 0.6 0.7 0.8

0

0.1

0.2

0.3

0.4

0.5

0.6

F

C∗

Figure 17: Detailed view of the fixed point for E = 0

Now, to check that the model suppresses differentiation when EGF is applied, let
E = 10. Figure 18 displays the steady state at F ≈ 0, C∗ ≈ 0.44. Hence, when EGF is
applied, the output of F decreases to zero. And so differentiation will not occur. Once
again, a more detailed picture of the steady state can be seen in figure 19.
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Figure 18: Phase plane portrait for E = 10
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Figure 19: Detailed view of the fixed point for E = 10

3.3.6 Time course results

To illustrate the model, the parameter values from 1.3.4 were taken. Figures 20-22 show
corresponding results, from three simulated experiments.
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Figure 20: E = 0, Le = H(t− 100), where H(t) is the Heaviside function

• Figure 20. We suppose TZ is applied at time 100, with the EGF blocked (E = 0).
There is a small response after an hour (F ≈ 0.05 at t = 160) and an almost
maximal response after two hours (F ≈ 0.45 at t = 220).
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Figure 21: E = 10H(t− 100), Le = 1.

• Figure 21. Initially, both EGF and drug are present, and there is no FATP response.
At t = 100 the EGF is blocked (E = 0) and the response is the same as for the first
case of E = 0 at all time.

• Figure (22). In this experiment, the EGF was left on all the time, and the drug was
applied at t = 100 to demonstrate that there was no response in this case either.
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Figure 22: E = 10, Le = H(t− 100).



3.4 Conclusion

As can be seen from the results, the model matches the experimental observations of a
very small response after one hour of drug application and a much greater response after
two hours of drug application. We have shown that the first model of a simple drug
activation pathway was not sufficient to achieve this effect and that the presence of a
feedback loop is required. We have argued the case and demonstrated the possibility of
FATP causing such a loop. It remains to be seen whether this loop or perhaps another
actually operates in urothelium.

Many of the parameters used in the model had to be estimated from knowledge of
rates of similar reactions, often in non-urothelial cells. Hence, the model is more qualita-
tive than quantitative, and hopefully more laboratory work can be done to gain accurate
parameter and rate values to allow us to model the system thoroughly.
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